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ISOPERIMETRIC PROBLEM IN ANALYTIC DESIGN 


I. A. Litovchenko 


(Moscow) 

Translated from Avtomatika i Telemekhanika, Vol, 22, No, 12, 
pp. 1553-1559, December, 1961 

Original article submitted March 16, 1961 


Analytic design [1] of an optimum controller is considered in the presence of an isoperimetric con- 
straint and with saturation, Special points of the problem are {illustrated by a simple example, 


The problem of analytic design of controllers was solved in [2] under the condition that the modulus of devia- 
tion of the regulating member is bounded, But already in [3] our attention was drawn to the importance of the inte- 
gral constraints imposed on the coordinates and/or on the speed of the controller, In the present work an attempt is 
made to clarify the role of such constraints in the structure of an optimum regulator such that the integral-square 
error of the system is minimized, 


1, Isoperimetric Variational Problem 





The motion of a certain class of closed-loop control systems can be described by the simultaneous differential 
equations 


&e = h% — (> DraNa +m) = 0, (1) 


where b),, and m, are known constants, 9, denote the phase coordinates and € the coordinate of the regulator, 
which is subjected to the isoperimetric constraint 


(eat = %. (2) 


A restriction such as (2) may apply to an arbitrarily narrow class of systems and would mean that very high 
demands are made on the system. A frequently considered [4] isoperimetric constraint including also the inequality 


oo 
sign (in our case this would read { E*dt < %1 ) presupposes the existence of “superfluous” ("extra") energy in the 
0 


regulator, and finally also of “superfluous* weight, which in some cases would certainly be unwelcome, 


It is assumed that n, k = 1,2,....m) and € belong to an open domain of the (n + 1) dimensional Euclidean 
space, The obvious boundary conditions are imposed: 


Ty (0) = Tyo, 
T(co) = 0 (k=1,..., a). 


(3) 


The following variational problem of Lagrange type is proposed: to determine a system of functions minimiz- 
ing the functional 


on 
1(t) =| Dany de (a, >0. (4) 
o 1 


from the piecewise-smooth functions € , ;, ( k = 1,.,.,m) satisfying the simultaneous equations (1) as well as the iso- 
perimetric constraint (2) and the boundary conditions (3), 
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The proposed problem can be solved by the methods of classical calculus of variations exactly as in{1}. All 
the arguments developed in [1] remain fully valid in this case also, as they are true for any coefficient of €* in the 
Lagrange function and in particular for the actual value of this coefficient; thus there is only a formal and not an 
essential difference between our problem and that of [1], In[1] the Lagrange function H takes the form 


H = Syaunj + cb? + >) Anse» 
1 1 
where c is a known weight constant (see [1], the formula (2.4)), and in the present problem 
H = Sanne + AE? + >) Anges 
1 1 


where A is a constant Lagrange multiplier to be determined, Consequently, the result of the above is an {soperi- 
metric problem which can easily be obtained simply by replacing c by A in the final formulas of [1}, The multi- 
plier A is a root of the algebraic equation which one obtains from the isoperimetric restriction (2) by substituting € for 
the time function which can be determined from the Euler equations and from (1), The existence of at least one 
real root of this equation remains an open question, that is,whether the variational problem admits a solution at all, 
This in fact constitutes a special feature of our problem; generally speaking it leads to the apportioning in the phase 
space of a closed domain of initial values 9 yx» (k = 1,...,n) for which there exists a solution to the variational prob- 
lem. co 

Similarly, for the isoperimetric constraint of the form \ £2 dt = p, and the optimized functional N(E) = 


0 


co 
\ (Zaxnz+ c &?)dt , the reasoning given in section 4 of [2] remains also valid, The final formulas are identical 
0 


up to constant multipliers, For instance, in [2] the equation of € is 
2 = 2ck —< > mjA;, 
1 


and in the present case it is 
2§ = 25+ yma; 
H a 
where p is a constant Lagrange multiplier which can be determined with the aid of the isoperimetric constraint, The 


existence of a solution to this variational problem also remains an open question. 


2. Particular Aspects of Such Isoperimetric Problems Illustrated by a Simple Example 
(n = 1) 


The simultaneous Eqs. (1), the conditions (2) and (3), and the functional (4) become now 





n=bn+ mE (m>0), (5) 
\ Edt = x, (6) 
0 

7 (0) =, ne) = 0, (7) 
I (§) = \ ay? dt. (8) 
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The Lagrange function is F = aq’ + X 7 + Ay (4—bn — mE). The quantities € and y satisfy the complete 
system of equations 


n=bn+ mt, § =n — 46, (9) 


whose characteristic equations have two roots, 


Pisa = + V b* +. (9°) 


Of course, whether the roots are real and different, or purely imaginary,or whether they are both zero depends 
on the values taken by A, In view of the boundary conditions (7), it is obvious that we can only be interested in the 





first case, that is of real and different roots ty # [lg (ig < 0), other words in the case of 5? +- — > 0. Then 
7 = ce" + coe", 
where c, and Cz, obtained from the boundary conditions (7),are c, = 0, C, = No. 
Consequently 
n= ne!, & = 2 (us — b) em, (20) 
_ BPe— db 
t= “aa (10°) 


In order to determine A we make use of the isoperimetric constraint (6), by substituting instead of £, its value as 
given in (10), Thus, one obtains a quadratic equation for ,. By finding its root and subsequently comparing it with 
(9) we obtain for the determination of A an algebraic equation 


























ee | 2 vA 2, 2 
ha Yey = — (o— Se) | / SS (SE). a1) 
No No No 
° “ym? / x%ym* 
Since the left-hand side is real, the expression under the square root : | —— 2b) is, therefore, non- 
negative, that is No "lo 
we — BSE 
No 


“ym? 
2 
No 


is always less than zero,) When b< 0 (the controlled 


(It should be mentioned that it follows from (11") that 5 — 





<0, that is,the right-hand side of (11), is 


xm? 
2 


negative when b> 0, But whenb< Othen b — 





object is stable) the above condition is always fulfilled, but when b> 0,only for 


Io |< m a = 5. (12) 


Thus the isoperimetric constraint (6) causes the initial deviations of the phase coordinates to be subjected to 
the restriction (12) in the case of an unstable object; the restriction determines the domain of initial values such 
that the isoperimetric problem admits a solution, A similar analysis in the case of a system of the n-th order is 
very complex. From the physical aspect of the problem one can only presume that also in this case a constraint 
such as (12) should take place in the case of an unstable object, In such case the initial deviation of the system 
must be sufficiently small as otherwise the controller might “spend” the isoperimetric constant prior to the system 
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reaching the origin of the coordinate system; the boundary condition (3) would not be satisfied at the right end since 
without a controller the system would not return to zero, If there is such an initial deviation, the variational prob- 
lem will have no solution, Another point of interest should be mentioned, As seen from (11), the root pl, of the 
characteristic equation, and consequently the characteristic of the regulator (see 10°) depend on no. This was pointed 
out by a number of people [4, 5] and is also true in the general case as can easily be seen, Thus in the presence of 
the isoperimetric constraint (2), the control £ depends on both n; and nip (i=1,....m). In this case it is necessary 
to have some additional information as regards the domain of initial values nj, [4] when aiming at synthesis, 


8. Additional Restriction 


In addition to the isoperimetric constraint (6) the system is now also subjected to a restriction of the satura- 
tion type , 





lEI<E. (13) 
It shall be shown that the isoperimetric restriction is much stronger than the restriction (13) and causes the latter 
condition to be automatically fulfilled, In fact, the solution of the variational isoperimetric problem is —§ = >; PM 
1 


where n,; are decreasing functions of time (the formula taken from [1], as previously mentioned, is valid here if c 
is replaced by A), Consequently, if | € (0) | = € when t = 0, then for all t> 0, one has | €(t) |= €. 


The inequality |£ (0) |= & 1s equivalent to 


<§ (14) 


[Spine 
1 





[Py = Py (0 jo)s (1. J = LecoeeM),@8 py = py (A), and A in turn depends on the initial deviations of the phase coordinates), 
which means that the initial values of the phase coordinates have been subjected to a restriction, 


We consider again our simple example, thatis,the Eq. (5), the isoperimetric constraint (6), the boundary condi- 
tions (7),and the functional (8), We now add to it also the restriction (13), 


By taking (10") into account, the inequality (14) now becomes 











|e no] <é 
or, on replacing !, by its value from (11), 
--/ =F NIt cn 
and hence 
| No | > k= = A,>0. (15) 


Thus when b> 0, m9 must satisfy the inequalities (12) and (15) in view of the restrictions(6) and (13), The 
parameters of the Eq. (5) and the isoperimetric constant K, should be selected such that B, = A,,as otherwise the 


inequality 


Ai <|%|< 3; 


does not make sense. If b < 0 then |n»| need only satisfy the single inequality (15). 


The phase trajectory is shown in Fig, 1a in the case of b> 0, the function € = € (t) in the plane of (t, €) in 
Fig. 1b, 
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It follows from the inequality (15) that the initial deviations of the phase coordinates must be outside the in- 
terval (—A4, Ay) as the restriction (13) is valid, This actually means in practice that if no (— Ay, Ay), the con- 


fos] 
troller — when the phase trajectory is given by the formula (10") — would not be fully utilized and also that ( G* dt 
0 
would be less than the given quantity x, In order to prove it let ny€ (—A,, A;). It follows from (10°) that € = ky 


fe2— b 
m 





where k= . For an ng€ (—Ay, Ay) we have k = ky where |kyny| > & asm¢€ (—Ay, Ay). But because of 


the restriction (13) the greatest possible value of |¢| is £, and consequently || = —; now a new angular coef- 


ficient K of the phase trajectory should be selected with the aid of the condition E = \k| | Nol, i.e. . \k |= TT 


put obviously | # | < | 1 |,amd consequently | € | = | || m | is tess than || =| || |, te., and | Ede < 
0 


eo 


Edt = x. 
1 *y 


It is obvious that for a weaker isoperimetric constraint 


\ Edt <%, (17) 


0 


the inequality (15) would not be essential in the sense that for any no€ (— Ay, Ay),an angular coefficient of the 
phase trajectory can always be found such that the inequality (17) be fulfilled and also that | € (0)| = €. 


It was proved that the optimal trajectory under both restrictions (6) and (13) cannot be of the form (10°) if the 
inequality (15) is not satisfied at the initial instant, We shall now find the optimal trajectory for such a case,that is, 
when |n| < Ay. In view of what was previously said, it would be natural to make the assumption that |€ (t)| = 
= (0 tS T) up to the time t = T when another condition — now to be determined — begins to be valid, 


When t€ (0, T), the isoperimetric constraint can be written as 
rx - 
\ Edt = x, — EF. 
: 
We introduce the notation «, ~ e*t= k (t) and K(T) = +, Obviously T must satisfy the inequality 


1 





T< re (17') 
The function A( «) is introduced by 
— (18) 
% (0) =%,, A(%,) =A, A (%r) = Ar. 
A() is a monotonically decreasing function of « since 
, 2mE* , 
9 a a tr nes mone 0. 8 
A’ (x) Eb Din? > (18") 
The first time instant (if it does exist) is taken as the value of T and such that 
[q(T)| = Ape ee (19) 


E* + 2d (1 — E77) 
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If t = T were the initial time instant, then the condition analogous to (15) would be 


|n (7) | > Ar, (20) 


consequently if the condition (19) is fulfilled, the optimal phase trajectory will, for all t = T, be the same as in 
(10") but starting from the point { n (T), € (T)} where |¢ (T)| =, and also when b> 0 one must have 


In?) <B(T) = mY = mY AEP (21) 


{an inequality analogous to (12)). 


The optimum phase trajectory in the case of b> 0 together with |n,|< A,and also the curves € = € (t) and 
n = (t) are shown in Fig, 2. 


There still remains the problem concerning the actual existence of the time instant t = T, the latter being a 
root of the transcendental equation which in the case of £ = — (ny < 0) is 








ms\or_ ™e]_ 2mE (x, — E*7') 
|(w + FB)et— FE] — (22) 
but in the case of § = —-E (n, > 0) it becomes 
_ ms) or, ME] _ 2mE (ms — BT) 
\(m— Felon + Fe E+ 2b (m1 — FAT) sos 
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The equations (22) and (22°) can be solved graphically, The abscissa T* of the point of intersection (if any) 
thus obtained is the required instant T only if T* either satisfies the inequality (17°) (when b < 0), or (17") and (21) 
(when b> 0), 


Thus the simultaneous imposition of the two constraints (2) and (13) leads to the following results, 
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SUMMARY 


1, If the initial deviations of the system satisfy the inequality (14), the optimal phase trajectory is only de- 
termined by the restriction (2) because when (14) takes place, the trajectory is always within the boundary lel ee 


2. But if there is no constraint (2), the optimal trajectory also contains the boundary regions for which |¢| = €, 
as shown in detail in our simple example. 


Note: The optimal trajectory in this text is such that it only satisfies the necessary conditions of optimality 
though, strictly speaking, it would be pointless to use the formula without a prior investigation of the sufficient con- 
ditions, 

In conclusion, I should like to express my deep gratitude to A. M. Letov for suggesting the problem as well 
as for his valuable advice, 
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REDUCTION OF A NONSTATIONARY LINEAR 
DIFFERENTIAL OPERATOR TO A SUM OF 
STATIONARY OPERATORS 


A. N. Sklyarevich 


(Riga) 

Translated from Avtomatika i Telemekhanika, Vol, 22, No. 12, 
pp. 1560-1564, December, 1961 

Original article submitted April 26, 1961 


It is shown that an arbitrary nonstationary linear differential operator @ (p, t) such that it can be rep- 
resented as a finite power series with respect to the differentiation operator p, can be reduced to a 
sum of stationary operators with suitable kernels, 


In [1] the question was posed how to reduce the nonstationary linear differential operator #(p, t) to a sum of 
stationary operators with suitable kernels, The problem shall be regarded as solved if the operators 4 (p) and the 
kernels #4 (t) are found such that for any function x(t) the equality 


® (p, t) x(t) = >), (p) (q(t) 2 (0) (1) 
i 


will hold, 


The reduction gives a relationship which would prove useful in obtaining an analogue of the system or in anal- 
yzing its structure, and also in examiining the accuracy of the system's performance [2]. 


When i = 1, the study of a nonstationary system is reduced to that of a stationary one by replacing y(t) = 
¥3(t)x(t), By using the formula (1) one can develop a method of determining the stability of basically nonstationary 
systems (characterized by i = 2), 


The procedure for reducing a nonstationary operator to the sum of stationary ones with suitable kernels was 
advanced in [1] in the case when the operator ¢ (p, t) can be expressed in the form 


® (P, t) om > > ct’ pi (¢45 = const), 


i=0o j =0 
that is,when it is a polynomial with respect to the differentiation operator p as well as with respect to the independ- 
ent variable t, 


It will be shown that these relations enable one to establish an algorithm of such a reduction in a more gen- 
eral case when the operator @(p, t) can be represented in the following form: 


D (p, t) = 2; 5 (t) P’, (3) 
j=0 
where ¥ j()) are known, differentiable functions. 
As a preliminary step the condition shall be found under which the operator 9(p, t) is reduced to a single 


operator %,(p) with the kernel y(t), These conditions can be found if use is made of the relationship between the 
operators $(p, t) and ©,(p) and the function ¢,(t) (1): 
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(3) 





O(p,1)=>2 
i=0 





® (¢) O (p) 
i! ’ (3) 


according to which any nonstationary linear differential operator (p, t) can be reduced to a single stationary opera- 
tor if the functions ¢,(t) and %,(p) exist such that the relation (3) takes place, 


When the formula (2) is valid it is reasonable to assume that the operator ®,(p) is a polynomial of degree 
n with respect to the differentiation operator p: 


®,(p) = >} axp*. (4) 
k=0 


The quantities a, do not depend on t as the operator ,(p) is stationary, 
The formula (4) implies 


ad kl 
of” (p) = > %k—7l a,p*— (ign), 
k=i 


@{" (p) = 0 (i>n); 


and therefore the relation (3) is equivalent to 


n n—j 
by 
® (p,t) = YY SEM ariel (0 P’, (5) 
j=0 i=o0 


where j= k-1, 
By comparing the formulas (2) and (5) we obtain the equations 


n—j 

‘Ay? 

H)= > CH aie (¢), (6) 
i=0 


from which the kernel ¢,(t) and the coefficients a; of the operator ©,(p) can be determined, ¥j(t) being assumed 
known functions, 


By putting a, = 1 the generality is not reduced, Now the simultaneous equations (6) represent a closed system 
of n+ 1 equations in n unknown quantities a;( k = 0, 1,,,,.2—1) and one unknown function ¢;,(t), 


It could be shown by mathematical induction that for any value of the subscript k the product a)%,(t) is given 
by the formula 





n—k ; 
— 1)’ (k+ i) 
arf. (t) _ » Pet 4 vi (t). (7) 
i=0 
One finds the relationship 
Pilt) = Hn(é), (8) 


as a particular case of the formula (7) which one obtains when k = n, The formulas (7) and (8) determine com- 
pletely the kernel ¢,(t) and the operator %,(p) in the case when the nonstationary operator #(p, t) is reducible to 
a single stationary operator, 


In order to establish that such a reduction is possible we introduce the functions 


_ i , 
re (t) = ESE eh. (9) 


i=0 
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In the special case of k = n we have 


ra(t) = n(?). (10) 


When the operator 9(p, t) is reducible to a single stationary operator ,(p) with kernel ¢,(t), we obtain in 
accor dance with the formulas (7) and (8) 


Tk (2) = & (2) = ax p(t), | (11) 
where a), = Const, 


It is obvious that all the functions r,(t) are linearly dependent on one another. Conversely, if all the functions 
r,(t) defined by the relations (9) are pairwise linearly dependent, then the nonstationary operator (p, t) is reducible 
to the stationary one %,(p) with kernel ¢4(t) = rp(t), The coefficients a, of the operator %,(p) can then be found 
from the formulas 


. 
emesis (12) 


ry (t) ’ 
with the argument t being given any artibrary value. 
The reduction of the operator #(p, t) to operator 9,(p) with kernel ¢,(t) shall be denoted by 


O(p, t) = ®, (p) [9 (41. (13) 


where for the sake of brevity the arbitrary function x(t) as well as the right-hand part of the square bracket are 
ignored, In the general case, however, some of the rj(t) functions can be linearly independent and in this case the 
operator ®(p, t) cannot be reduced to a single stationary operator #,(p) whatever the kernel, 


In this case it will prove useful to proceed as follows, We select the function r,(t) as kernel ¢,(t) and choose 
arbitrarily in advance the quantities a,, (0 = k= n-—1), We form the operator 


F2 (p, t) = ® (p, t) — Mi (p) fqr (0, (14) 


where 
®, (p) = >) axp* (15) 
k=0 


and ap = 1, 
The operator %(p) [¢(t)] can be represented in the form 


®, (p) [e: (|= > 7 pi, (16) 


j=0 


where the coefficients ¥4;(t) can be expressed in terms of the known functions %,(p) and ¢,(t) by means of the rela- 
tions (6), In particular, when j = n we obtain ¥4n(t) = ¢(t) = p(t) and consequently the highest degree terms with 
respect to the argument p of both operators #(p, t) and ;(p) [¢4(t)] are equal to one another, This implies that the 
operator F,(p, t) is of a lower order than the operator 2(p, t), 


By applying the same procedure with regard to the operator F,(p, t) we shall find the operator F,(p, t) defined 
by the formula 
Fs(p, t) = Fa (p, t) — Da (p) [qa (2)1, (17) 


this operator being of a lower order than the operator F,(p, t). Proceeding stepwise in this way, we arrive in the 
general case at an operator 


Fi (p1) = % (5 (18) 
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independent of the differentiation operator p. The function ¢ ;(t) can also be regarded as the operator @p) = p” 


with the kernel g(t), Adding the formulas (14), (17) and the subsequent ones up and including the formula (18), 
we obtain 


l 
D(p, t) = >) ; (p) (9: (1. (19) 
i= 


0 


which shows that the nonstationary operator (p, t) can be reduced to a sum of stationary operators with appropriate 
kernels, 


The reduction can be performed without evaluating the operators Fe(p, t), Fa(p, t),.... F)(p, t). The linearity 
of the formulas (9) with respect to the functions ¥;, , ;(t) implies that if rgk(t) and m{t) are the functions character- 
izing the operators F,(p, t) and ®(p, t) respectively, then taking into account the formulas (11), we obtain 


Tok (2) = Ty (2) — Aykl ny (¢). (20) 


In the case when the operator (p, t) cannot be reduced to a single operator %(p) with kernel ¢,(t), then 
some functions r2}{t) do not vanish identically, As in the first stage we take the function rai(t) as the kernel ¢(t) 
such that the subscript k is the largest compatible with the function not vanishing identically, Specifying the values 
of ag, with the first of the coefficients equal to unity, we determine the operator %,(p), then the operator %,(p) 
[%2(t)}, the functions r){t), etc,, until all the functions rj, 4,)(t) shall vanish simultaneously. 


Thus the reduction of a nonstationary operator ®(p,t)toasum of stationary operators with corresponding kernels 
is performed on the functions r,(t) by relatively simple transformations, The number of successive stages in the 
transformations (that is, the integer 1) is equal to the number of mutually independent functions ¥(t) and such that 
any function r,(t) of the r{t) system can be represented as a linear combination of the former functions, 


One can see from this procedure that the quantities a;, are not uniquely determined and that consequently 
there may be various (but equivalent) forms of representing a given nonstationary operator (p, t) in the form of 
a sum of stationary operators, In particular, by putting a;,, = 0, we obtain ;(p) = pl, o(t) = r(t), and therefore 
for an arbitrary function x(t) one has 


® (p, t) z(t) = > p' In x (O). (21) 


i=0 


The representation (21), however, need not be the simplest one. When selecting the values of a;,, it is advis- 
able to ensure the highest degree of simplification of the functions t%){t). 


Examples 
1, Required to transform the operator 


® (p, t) = cos tp® + (a, cos t — 3 sin t) p® + (a; cos t — 2 a, sin t — 3 cos ft) p 
+ do cos t — ay sin t — a, cost + sin t. 


Now 
Ps (¢) = cos t, 
He (t) = ag cos ¢ — 3 sin é, 
% (¢) = a, cos t — 2ag sin t — 3 cos ft, 
Yo (t) = ap cos t — a, sin t — a, cos t +. sin t. 
_ , Therefore, by the formulas (9) 


Ps (t) = Ps (t) = cost, 
rs (t) = Balt) — 3p (t) = ag cost, 


r, (t) =p (t) —29, (0) +3, ©) =a, cost, 
9 (t) = Yo (t) — 9, (4) + % (t) — By (t) = a, cost. 
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The functions r,(t) are all pairwise linearly dependent, and thus the operator (p, t) is reducible to a single 
stationary 


®, (p) = p® + asp* + arp + ao. 


with kernel ¢,(t) = cos t, 
2. Given the operator 


® (p, t) = tp® + (0? + att 2+ e*) p + ct® + (ao + 2)t + ay + e*!. 


As one has in this case 


a (¢) = 6, 
Pr (t) = + at + 2+ e%, 
bo (t= ct® + (ao + 2Yt + a + e™, 


therefore in accordance with the formulas (9) 
Pq (t) = de (t) = ¢, 


7 (t) — vy; (t) — 2», (i) = 2 + a,t + e 
ro (t) = Bo (t) — (t) + Y, (t) = ct? + at + (1 —2) at 


The functions r9(t), m(t) and r(t) are pairwise linearly independent, and the operator (p, t) therefore cannot 
be reduced to a single stationary operator ®(p) with a appropriate base. 


Following the previously described procedure, we put ¢,(t) = rp(t) = t, ayy = a4, ag9 = Ag and therefore 


®; (p) = p* + ap + 29. 
To determine the functions r,),(t) we use the formulas (20): 


Toe (t) = 0, 
ray (t) = t? + e*!, 
reo (t) = ct? + (4 — ar) e*'. 


Consequently 
a(t) = t? + €*", aay = c, Oy (p) = pte. 


Again applying the formulas (20) we obtain 


rea (t) = 0, ray (t) = 0, rao (t) = (4 —a —c) e*! 


and therefore 


@s (t) = (1 —a —e) e**, Oy (p) = 1. 
It has thus been established that for an arbitrary function x(t) the following relation takes place: 
© (p, t) w(t) = (p* + arp + ao) (tx) + (p+ ¢) (tx) + p(e™'z) + (1 — a) ee 
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Approximate methods for solving problems of optimal control of distributed parameter systems are 
studied; the differential-difference methods, and also the method of moments. 


I, In the synthesis of systems of optimal control of objects with distributed parameters there arises the com- 
plicated problem of determining the optimal control action [1, 2, 7]. Also, control action for such objects may be 
distributed in space and in time. Because of the complexity of the process taking place in distributed parameter 
systems and also because of insufficient development of control theory for such systems, it is sometimes difficult to 
obtain equations in a form sufficiently convenient for computation, In those cases in which we do not succeed in 
obtaining analytic expressions for the desired functions, along with direct methods of solution we can apply the 
method of reduction of partial differential equations to a system of ordinary differential equations and to finite dif- 
ference equations (direct method and finite difference method, respectively), for which we already have a sufficiently 
well-developed theory of optimal processes [3-7]. 


We consider the problem of an optimal control system which is characterized in a broad sense by the extended 
one-dimensional equation of thermal conductivity 


Bae Gnd), 5 


where a is the constant thermal conductivity coefficient, \ is the thermal conductivity coefficient, c is the thermal 
capacity coefficient, p is the specific weight. 
The state of the system is described by the distribution function 


Q = Ot, t), (2) 
where x is the space coordinate (0 = x $1), t is the time coordinate (t) = t = &). 
The initial and boundary conditions are given by 


Q (z, 0) — Qo (x), (3) 

Z| =e 20, t)], (4) 
8Q 

bx x=] re 0. © 





Here Q,(x) is a known function, a is the constant heat transfer coefficient, 
The problem of optimal control of this system can be formulated in various ways, 


1. Let there be given a certain function Q* = Q* (x), defined in the same interval [0,1}, We are required to 
find such a control action u = w(t) (tS tS 4), belonging to some defined class of functions with values in a region 
Q, that at the end of the process at t = 4 the deviation of the distribution function Q(x, t) from the function Q* (x) 
will be minimal, i.e,, that a certain functional 
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I = I[Q(z, t,), Q*(x)I, (6) 


being a measure of this deviation, attains the smallest value, 
In this regard the functional can be taken to be 


1 
1=\1@'()—Q(2, 4)dz (p>). (7) 


2. Let there be given the same function Q* = Q*(x), We are required to find such a control action u = u(t) 
© that at the end of the process the condition 


Q(z,4)=Q°(%) for O<zr<1 (8) 


is satisfied and the transition time of the process T = t, — ty is minimal. 


However, physically it is clear that for a distributed parameter system requirement (8) is sometimes unreal- 
izable, This may be interpreted thus: If the function Q = Q(x, t) of argument x for fixed t€ [t», ty], is considered as 
the representative point of the system on the trajectory of the process in the functional phase space of the system 
(Hilbert space) with initial condition Q(x, t») = Qo(x), then it is necessary to choose such a control u= u(t)}€ 9 that 
this phase trajectory in functional space hits the point Q*(x), In many cases if this exact coincidence is possible 
then the trajectory connecting points Q, and Q* is unique and hence optimal, 


For a more correct formulation of the problem it is not necessary to require an exact hit at the point Q*, Le., 
an exact satisfaction of equality (8); it is sufficient to restrict ourselves to hitting within a certain magnitude € > 0, 
More precisely this problem can be formulated in the following way. 


3, Let there be given the function Q* = Q*(x), We are required to find such a control u = u(t)€ 9 (t, Sts 
t,) that at the end of the process the condition 


1, 1Q (z, t:), O° (z)] =e 


is satisfied, where 1fQ(x, %), Q* (x)]} is a given functional defining the measure of the deviation of the function 
Q(x, &) from Q* (x), and that the transition time of the process will be minimal. 


It is necessary to notice that the solution of the last problem does not exist for every € > 0, However, it fs 
clear that ingeneral this number € > 0 exists although it must be sufficiently large. 


The problem which has been considered is, for example, of practical interest in the determination of the best 
policy for heating metals in a continuous furnace and in a soaking pit. 


By using the direct method we can reduce the problem under consideration to the general problem of optimal 
control studied in the papers indicated above, In fact, by dividing the interval [0,1] of the x axis into n equal parts 
by the points x, = 0, x, = SseoesX,, = 1, where s = 1/n, and by replacing in Eq. (1) the second partial derivative with 
respect to x of the function Q(x, t) by the second difference quotient, we obtain a differential-difference system in 
the functions q,(t) (i = 0, 1,....m): 


Go = — (6 + B) Go + 99, + Bu, 
Gi = 5 (Qi—-1 — 29: + Gi41) (isi, 2,...,"—1), (9) 
gn = 5 (Gn—1 — In) 


with initial conditions 
qi (to) = Qo (is) (i=0,1,..., n). (10) 
Here 
B= | 6 = (a1) 
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We can prove [10] that if we define u = u(t) then for sufficiently small s (sufficiently large n) the solution of 
the boundary value problem (1)-(5) is approximated with any degree of accuracy by the solution of the differential- 
difference system (9) with boundary conditions (10), Whatever be € > 0, an s(€ ) can be found such that as soon as 
s < s(€) we obtain 


12 (m,4)—al(t)|<e (12) 


for every i = 0, 1,...,n simultaneously, 


To obtain a finite system of n ordinary differential Eqs, (9) which include the control function u = u(t), it is 
necessary to state clearly the problem of optimal control corresponding to problems 1 , 2,3 formulated above, 


For example, corresponding to problem 2 we must find such an admissible control action u = u(t) (u€ 2, 
t, = tS t) that the system passes from the initial state (10) to the given state 


% (t) = Q* (is) (i=0, 1,..., 2) (13) 


in minimal time T = | — t. 


This problem can be solved with the help of the maximum principle [4]. It is easily proved that the optimal 
control in the case when the region of admissible values 2 is the interval [—A, A] will have the form 


u(t) = Asign Wp; (¢), (14) 
where the functions ¥;(t) (t) = tS %) are defined by the homogeneous linear system 


Po = (6 + B) Yo— 9 
Wi = 6( — Hi + 2; — Pers) (i= 1, ye n— 1), (15) 
Pn =6 (— Pn-1 + Pn)- 


The initial values for functions ¥(t) are determined from the condition of a hit on the representative point of 
system (9) at a given state, i.e., from condition (13). 


In the case when the given state is q4(t,) = 0, i = 0, 1,....m, it is proved in [4) that from any initial state q;(t,) 
the system (9) can pass through the origin of coordinates optimally in the sense of minimal transition time for the 
process, 


Thus we can consider the solution of the latter problem as being approximately the solution of problem 2 . 
Here, of course, we must justify the convergence of this method and the existence of a solution of problem 2 . 


In some cases we are required to determine optimal processes in distributed parameter systems where the con- 
trol action itself is distributed in space and has imposed on it constraints not only in time but also in the space vari- 
ables, For example, sometimes it is essential to consider as inadmissible excessively large overshoots of the space 
variables for some physical quantities such as the temperature, pressure, electric field voltage, etc, In this case the 
approximate method of solution of the optimal control problem with the help of differential-difference equations 
can be useful since at present, evidently, there does not exist any other effective approach to solving this problem. 
As an example consider the heat transfer equation 


b (x, t) 2 + b(x, t)o(t) 24+ Q =ule, 1) (16) 


between a stationary heating medium with temperature u(x, t)(0S x31, t StS |) where x is the space vari- 
able and t the time, and a material moving with velocity v = v(t) = 0 in the positive direction of the x axis which 
is heated while moving in the segment 0S x= 1, 


The heat state of this material is characterized by the temperature distribution function 


Q=Qi,t). (17) 
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We will assume that the initial temperature distribution at time t = t, is given and {s equal to 


Q (x, t) = Qy (x). (18) 
Moreover, the materia] enters the heating zone with a fixed temperature 
Q(0,t)=0 for Sts uy. (19) 
The optimal control problem for the heating zone consists of the determination of the function 
u = w(x, t) (20) 


in the rectangle D(0S x / , t= t= t) suchthat in spite of various perturbances in the heating process, caused 

by variations in the feeding rate of the material in the zone or by variations in the thermophysical parameter 

b = b(x, t)> 0 (for instance, variations in the thickness of the material layer, variations in thermal capacity, thermal 
conductivity, etc,), the deviation of the temperature of the material leaving the zone from some given technologic- 
ally desired temperature will be minimal in some defined sense, It is necessary to minimize the functional 


ty 
I = {Ie (t)—Q(l,t)\"dt (p>, even) (21) 


i 
where Q* (t) is a given function of time, and v(t) = 0, b(x,t) > 0 are assumed to be known for ts = t = q. 


This problem has an importance significance in the heating of unfinished metals before passing them through 
a heating furnace, 


Besides the constraint on the absolute value itself of the control {.e., 
A; q u(a, t) Ay for (2, t)€D, (22) 


4 constraint is imposed on the partial derivatives with respect to x of u(x, t), i.e., 
B, < mak tn < By. (23) 
Here Ay, Ag, By and Bg are given constant numbers, 


Physically this corresponds to the fact that, for example, in a continuous furnace it is impossible to create an 
excessively large overshoot in the temperature within the length of the furnace, 


As can be seen, here we encounter a sufficiently difficult and unusual problem of optimal control of a distri- 
buted parameter system with constraints of type (22) and (23), 


In order to reduce the partial differential equation to differential-difference equations we shall divide the in- 
terval (0, 2} of the x axis into n equal parts with the point x» = 0, x; = 8, Xp = 28,....Xn = /, where s = 1/n, In Eq, 
(18) we shall replace the partial derivatives with respect to x of the function Q(x, t) by difference quotients, and 
we shall obtain a differential-difference system of n equations in the functions qj(t) in the form 


b, (t) v (t) 
b; (t) Qt lg — eal + = (t) (i=1,2,..., 0). (24) 


From the constraint condition (19) we obtain 


aft) = 0 forts Sts &. (25) 
Equation (24) can be written in the form 


G4 = Bais. + agi + 4 (i= 41,2,..., n). (26) 
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In Eq. (26) we set: 


{ 
a =a ()=—-pa—S, (27) 


wet _ v(t) 
b, = b, ) = b (is, 2), 


uy = uy; (t) = u (is, d) (im 4,2,..., n). (29) 
Corresponding to (29) constraint (22) will have the form 


ALS u; (t) [ Ay (tet Qty; i=, 2, ..., 8), (30) 
and constraint (23) the form 


By Jui, () — 4 (O SB, (oN tQh; t=1,2,...,a—1). (31) 


For this functional (21) must be replaced by the functional 


t, 


1 =\10 © — an OF at. (32) 


te 
Now for determining the optimal control action (29) under constraints (30) and (31) we must apply the maxi- 
mum principle [3}. 
According to the maximum principle the function 


H = H (qj, Pi, Ui) = Yo 1 @" (4) — Gul? + > ~ Bais + a9: + 4) (33) 


i=] 


must reach a maximum with respect to the arguments u, (i = 1,2,...,m) for fixed values of the other arguments, 
The functions ¥; = ¥,(t), i= 1,2,....m, must satisfy the linear homogeneous system of differential equations 
we = 0, 
Vi = oF asp; a 2 Bpi41 (i —1,2,...,"), (34) 
Vn = — PW (Q* — an)” * — ain. 


It is evident that for a fixed ¥, the maximum of function H will occur simultaneously with the reaching of a 
maximum of the function 


R (pi, a) = >) Pim. (35) 


i=1 
Thus we must find the maximum with respect to u; of the linear form R with coefficients ¥; under constraints 
(30) and (31), 


Here the region 9 of admissible values of the functions u; is a convex polyhedron in the n-dimensional Eucli- 
dean space E(u,...,Un). As is known, this is a problem in linear programming, For example, if n = 2, constraints 
(30) and (31) will have the form 


Ai<ui< As, At << us < Aa, Bi [ uz — ws < Ba. (36) 


On the plane uy, ug, Eq. (36) is characterized by the polygon abcdef, representing the region, The maximum 
of the linear form R will, in this case, be reached at the vertices of this polygon,subject to the variations with time 
in the values of the coefficients ¥, and ¥,. 
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Il, The solutions of the linear equations of mathematical physics can be represented in integral form. The 
known methods of Fourier, Green, the method of integral transformations and successive approximations, etc,, can 
be reduced to this form. 

Thus the functions characterizing the state of the controlled object 
are connected with the control functions by integral relations, 


= 


For example, in the simplest one-dimensional case we have con- 


/ 
Cy d 
f sidered above, for problems 1 , 2 , 3 , of optimal control of a heat trans- 








8, 
fer process, the state function Q(x, t) can be expressed in terms of the con- 
5 N trol action u(t), for zero initial conditions, in the following way: 
4 ‘ t 
4 0~* Z u, E 
7 a, t) =\ K (a, t, t)u(t) dt, (37) 
J N 7 Q (2, t) 
aS a f where K(x, t, T ) is a known function, t = 0, t, = T. 








If at the moment t = T we are required to “hit” a given state Q* (x), 
then the problem of determining the control u = u(t) reduces to the solu- 


en YY 
‘ 





- tion of the integral equation of the first kind, 
T 
Q(z) =| K(z,7.du(dt O<z<p) (38) 


0 


There is a theorem by Picard [11] which gives the necessary and sufficient conditions for the existence and 
uniqueness of the solution u= w(t) (0S fT = T) of Eq. (38). In fact, for fixed T let the function K(x,T, fT) be 
measurable and square-integrable in the rectangle 0=x51,05 rf ST, and let it be expanded in the series 


K (x, T, t) = >) Ag; (2) Hi (7), (39) 


i=] 


converging to it in the mean, where 








1T 
by = |) K 7.) @) (0 ae de, (40) 
i.e., 
1 T oo 
\\ [XK @,. 7,9 —D dele) wi (x) Par de= 0. (41) 


The functions ¢;(x) and ;(T ) are measurable and square-integrable in the intervals OS x51,05 rT ST, 
respectively, and form complete orthonormal systems, 
1 os 
Vo (2) 95 (2) dx = dy, | He (0) Ws (0) dt = dy, (42) 
0 


0 


Since the system of orthonormal functions ¢ (x) (i = 1,2,...; 0 x = 1) is complete, the function Q* (x) 
(0S x31) can be expanded in terms of this system : 





Q* (x) = > Hig; (2), (43) 


i=1 
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where 
Hi = 1 (2) a (2) ae. (44) 


We shall look for asolution of Eq. (38) in the form 


u(t) => yh (t) — O<t<7) (45) 


i=1 


Substituting (43) and (45) into (38), by virtue of (42) we obtain 


D wins (2) = >) Acris (2). (46) 


i=1 i=1 


Hence the desired coefficients y ; in expansion (45) can be determined uniquely from 


p 
v= = {t er aes & (47) 


If the numerical series 


Dt =3 (5) (48) 


i=1 i=1 ’ 


converges, this signifies that there exists a unique solution (45) in the class of square-integrable functions, If series 
(48) does not converge, this solution does not exist, Note that if for any i, Ay and pf, are zero, then the term y; fs 
also to be considered to equal zero, If for some i we have that A, = 0 and the corresponding yy # 0, then, evi- 
dently, series (48) diverges and solution (45) does not exist, The uniqueness of the obtained solution follows from 
the completeness of the systems of functions ¢;(x) and ¥;(T) (i = 1,2,...). 


Having obtained solution (45) we shall be able to find out whether we can satisfy the necessary condition 
u€é Q, (49) 


The smallest value T,,;p of all values of the upper limit T in Eq, (38), for which the unique solution (45) 
exists and satisfies condition (49), will be the smallest transition time of the process, and corresponding to this T+, 
function (45) will be the desired optimal control, 


However, if there is no value of the upper limit T for which the integral Eq. (38) has a solution, then evi- 
dently the problem of a direct hit on the state Q* (x) has no meaning, This means that the “point” Q* (x) and the 
set of all states Q(x, t) for various t, resulting from relation (37), lie in disjoint Hilbert subspace offunctional spaces 
with a complete system of orthonormal functions ¢ (x) (i= 1,2,...). Nevertheless, in this case, it is possible to con- 
sider the problem of determining such an optimal control 


u=u(t),  O¢t<?, uéQ, (50) 
that for a given fixed T it is possible to approach as “near” as possible to a given state Q* (x) in the sense of a metric 


space L», i.e,, we must hit accurately the projection of the point Q* (x) on the subspace where the set of states 
Q(x,t) is situated. This problem is analogous to the probiem just studied. 


We describe now an approximate method for solving the problem of an optimal “hit” on a given function Q* (x) 
or on its projection on some subspace of Hilbert space. The method requires that the kernel of Eq. (38) is approx- 
imated in the mean with a sufficient degree of accuracy by the degenerate kernel 
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K (2, T, t) = >) Magi (x) y(t), (51) 


i=1 


and for sufficiently large n, for an€ > 0, satisfies the condition 


T n 2 
\ [x (x, T, t) —_ > Aiki (x) h; (x) de dz <2. (52) 
0 cat 


et La 


The question of convergence of the optimal approximate kernel in several variables, defined as the sum of 
products of functions every one of which depends on one variable, was studied in [12]. 


Expansion (51) is optimal if fora given€ > 0 a smallest n can be obtained. The given number of n terms 
of the sum optimally approximates the kernel if the terms in the expansion are mutually conjugate functions of the 
unsymmetrical kernel K(x, T, 7), t.e., if g(x) and h(r ) (i = 1, 2,...,m) are orthonormal systems in the first n eigen- 
functions of the two integral equations with symmetric kernels, 


1 T 
ng (2) =| M (x, 8) g (B) db, Ab (x) = | W(x, 8) A(0) a0. (53) 
0 0 
Here 
T 1 
M (z, t) =| K (x, T, 1) K (&, T, t) dt, N(x, 0) = \K (2, T,x) K (z,T7,0)dz, (54) 
0 n 


and A, (i= 1, 2,....m) are eigenvalues which are the same for the two equations, 


Having determined the eigenfunctions gi(x) and h; (tT ) (i= 1, 2,...,n) we can find the coefficients in the ex- 
pansion of the function Q* (x) in terms of the functions g;(x) (i = 1,2,...,n) 


1 


1. = \ Q° (x) g, (x) dz. (55) 


0 


Thus we can now raise the problem of hitting the function O(x) which is the projection of the function Q* (x) 
on the subspace corresponing to the orthonormal system of functions g,(x) (1 = 1,2,....M), Le., 


@ (x) = D>) wrgi(2). (56) 


i=1 


a If in Eq. (38) instead of K(x, T, 7) we use its approximation per formula (51), and if instead of Q*(x) we use 
Q(x) per formula (56), then we get 


a n T 
DY) wage (2)= >) Auge (2) \2a(t) w (x) dee (57 


i=1 i=1 0 


Since the 8 (x) (i= 1, 2,....m) are linearly independent, to satisfy equality (57) it is necessary and sufficient 
to satisfy the equality 
T 
“%4= \ h,(t) u (t) dt, (58) 


where 


aut * (é = 1, 2, .. «, B)- (59) 
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If we impose on the control u= u(t ) (0 S T S T) the constraining condition 


julx<lL <0), (60) 


which states that the norm of function u = u(t) should not exceed some positive number L, then the problem of de- 
termining the control u = u(t ) for which conditions (58), (59), (60) are satisfied, reduces to the so-called "L prob- 
lem” studied in [8] and used earlier for the problem of optimal control of lumped parameter systems [9], 


For this it can be assumed that the system of functions h(T ) (i= 1, 2,....m; 0 Tf = T) is not necessarily 
orthonormal; it is sufficient that they be linearly independent, This condition is useful when the expansion (51) of 
kernel K(x, T, T ) is not with respect to an orthonormal system but only with respect to a linearly independent system 


gu(z), A(t) (=1,2,....0, OR 2K1, 1S 4 < 7) 


Note that if the region 2 of admissible values of the control function u(r) (0S tT = T) is the closed inter- 
val [—L, L], then this means that 


{uj = max |u (t) | <Z. (61) 
0<1<T 


The results of [8] (page 171), applied to problems(58), (59), (60), show that the solution exists and is uniquely 
determinable from the condition of maximality with respect to u of the expression 


u >> a,h, (t) = max (62) 
i=o 


under the condition (61), Hence the desired optimal control 


n 


u=u(t) = Lsign >} a;hy, (t) (63) 


i= 
is uniquely determined, 


The constant numbers a; (i = 1, 2,...,n) are determined from the condition of minimality with respect to a 
n 


of the expression 
T 
\ > ayy (x) |dt = min (i = 1, 2,.. +5 0) (64) 


0 i=! 





under the condition 


ps ViQy = 1. (65) 


i= 


We denote 


» a;h; (t) jae] (66) 


i=] 


4 
L(T) = [in | | 


under the condition (65), Then the minimal transition time for the process is determinable as the smallest root of 
the equation 


f(T) =L. (67) 


In conclusion we note that the reduction procedure is valid also in the case of some control actions when the 
action depends not only on time but also on the space coordinates in the presence of nonzero initial conditions, In 
this case the problem reduces to the problem of moments in multidimensional space [13] and to the notion of kernels 
in many variables in the form of a sum of products of functions each one of which depends on a single variable {12}. 
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EXTREMUM CONTROL SYSTEMS 


V. Ya. Katkovnik and A, A. Pervozvanskii 
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The present article is concerned with the dynamics of relay self-oscillating extremum control systems 
in the presence of random disturbances, The approximation method was used for solving this problem. 
Approximate expressions for estimating the probability of losing the extremum are given, 


Self-oscillating extremum control systems are technically the simplest systems of this type; however, some 
of their dynamic properties still remain unexplained, which does not allow us to determine in a sufficiently posi- 
tive manner the possible scope of practical application of such systems, It is intuitively clear that the presence of 
intensive random noise can greatly distort the pattern of the control system's operation and even cause a total loss 
of the possibility of stable extremum tracking. Therefore, a consideration of the noise effect should be obligatory 
in a preliminary analysis of the dynamic properties of such systems when they are designed, 


: It is shown in the present paper that, under certain assumptions, such an analysis can be performed without re- 
sorting to special investigations and using only data obtained in the dynamic calculations which are usually per- 
formed for determining the frequency and amplitude of self-oscillations in the absence of noise. 


A relay extremum control system, the block diagram of which is shown in Fig, 1a, is considered below, The 
system's motion is described by the equations 


z=—K(p)n,  y=f(e +0), 
$= pKs(p)y, n=F(E+%)- 


(1) 


Here, €, and €, are external disturbances, which are respectively reduced to the input of the system to be 
controlled [with respect to the static characteristic f (x)] and to the input of the nonlinear control device (in the 
form of a series relay-to-trigger coupling) with the ambiguous characteristic F(E) (Fig. 1b), which was described 
in {1}. 


The Ky (p) and K,(p) operators characterize the dynamic properties of the system to be controlled with respect 
to its input and output, It is assumed that, near the extremum, the static characteristic of the system to be con- 
trolled can be approximated by a quadratic parabola: 


F(x) = kx’, 


The determination of the steady-state parameters of the described system for €,, €, = 0 was performed in [1} 
by using the describing-function approach and, later, in [2], by using the approximation method, In both methods, 
the procedure is reduced to the determination of the dependences of the basic steady-state parameters, namely, 
the frequency w (or the half-period T) of self-oscillations and of the hunting amplitude A, on the circuit parameters, 
in particular, the actuation level K, of the relay: 


@=@(X%), T=T (xX), A= A(%). (2) 


These dependences are rather smooth, and they can be linearly approximated without difficulties in a small range 
of Ky variations, 
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I, Effect of Noise at the Output of the System to be Controlled 





We shall consider the case where noise acts only at the output of the system to be controlled, when, conse- 
quently, it can be reduced to the input of the control device by linear transformation, The effect of noise €, on 
the system's operating conditions can manifest itself only in a change of the actual cperating level of the control 


device's relay, i.e., the relay will in this case be actuated not under the conditions — = Ky, p— > 0, but under 
conditions where 


E +l, = Mo, p(& +2) > 9, 
or 
E=x)—l. =x, ps > Pbe- 


Assume that the noise level is rather low: 


tc. << A. (3) 


Then, the changes in the operating conditions will be reduced to small fluctuations of the moments of switch- 
ing and to small amplitude fluctuations, i,e., the limiting cycle will be reduced to a rather narrow ring, It is ob- 
vious that an exact investigation of the system's dynamics under these conditions (see, for instance [3, 4]) can be 
reduced to finding the steady-state solution of a system of equations in terms of finite differences, 
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For complex systems, this procedure is rather cumbersome, although the basic difficulties can be overcome, 
A simpler approach can be used in two cases. 


1, We shall assume that the variation of noise €, and the corresponding changes in the fluctuating level « 
take place rather slowly; more accurately, we shall consider that the K values for both switchings that occur during 
a single period coincide, Then, by using the method described in [5], it can be shown that the basic quantities that 
characterize the periodic component of motion will obey the following laws: 


o =o(x), T’=T(x), A*=A(W), (4) 


where w*, T®, and A® areslowly-changing random functions of time (or, more accurately, random sequences), 
On the basis of (3), we have 


Ao = ®* — o = ~(F),.. 2, 
1 jad gga dag —(F),.. 
AA = A*—A =—(F _ 


The root-mean-square values of the fluctuations Aw, AT, and MA are related to the root-mean-square noise 
values og by the following elementary relationships: 


Q éT y 
% "yg (ie ama? % i (5) na %* 4 se (Fe 8 (5) 
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The values of the partial derivatives that enter (5) can be found graphically or analytically. For instance, let 
us consider the simplest case, where 


1 
K, (p)=1, Kz (p) = Tptt (6) 


The equation for determining the periods can be found by using the approximation method (2); it has the fol- 
lowing form: 








el T T 
aaah poticiiisasaa tet (7) 
. i—e ! 
whence 
/ 1 
Fan 4 PO Ts 
ax =k? T ry i 
al ak, 
| T,° —e (8) 
dA_ 1) aT dm «2x AT 
Ox =f ax’ on ——~—é‘T 2H” 


Here, k, is the signal value at the relay‘s output (Fig. 1b). 
2. For other, slightly different, assumptions,* this problem can be solved in the same elementary way. 
We shall consider only systems of this type, where: 


a) The times of the transient processes in the linear parts of the system are considerably shorter than the half- 
period T, i.e., 


where A, are the roots of the denominators K,(p) and K(p); 
b) The successive noise values at the moments of level intersection are independent random quantities. 


It is physically clear that, under these assumptions, the excitation of each half-cycle can be considered sepa- 
rately, The values of T*, w* and A® for the successive half-cycles form a sequence of independent random 
quantities, each of which fs related to the random actuation level by the expressions (4), 


Thus, relationships (5)* * can be used also in this case for determining the root-mean-square deviations o-y, 
o,, and o.,;however, in determining the partial derivatives by using equations of the type (8), it is advisable to 
introduce simplifications right away by taking into account the initial assumption (9), In particular, for a system 
with operators of the type (6), we simply have 


ar 14 OA: if se ots 
On kk” On Dkk,’ nm T? kk?” 


Il. Dynamic Action of Noise which can be Linearly Reduced to the Input of the Sys- 
tem to be Controlled 








We shall now consider the more complicated problem where noise acts at the input of the system to be con- 
trolled ( €, # 0, €, = 0). 


This problem can also be approximately investigated on the basis of the two schematization variants which 


were used above in analyzing the dynamics of a system where noise acts only at the output of the system to be 
controlled, 


* The problem was also solved in [6] under the same assumptions, but using a much more cumbersome procedure, 
** Although this result has a semiheuristic character, it can be substantiated within the framework of the above- 
mentioned exact theory. 
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A, We shall assume that €,(t) can be approximated by a sectionally-linear process (by a triangular function 
of time) with slope values changing in random fashion for different periods; in other words, we shall consider the 
drift rate of the characteristic to be a random quantity that assumes 
a constant value during each period (Fig. 2). 


In this, the variation of the drift rate is assumed to be slow. 





Emer 





Still Stee Then, for determining the fluctuations of the self-oscillation param- 
| 7 ‘ n ; eters, we can use the results obtained in calculating the system's op- 
wit erating conditions for a strictly constant drift rate. In this case, nat- 


urally, the oscillation symmetry is lost, but the calculations can be 
Fig. 2. performed by using, for instance, the approximation method in a way 
similar to that used in [2], 


The equation of periods for the simplest system with operators of the type (6) has the following form: 





aa % _k +4 rf T’ rT —_ 
F (x,4, T’) = meow aT T’ (cth 5 -feth ar.) +1 = 0, (11) 
where 
1 = % ge oe th 


a’ k, —i’ 


and T* and T” are the time interval values corresponding to the final element's motion in one direction, 


Considering that X = A,+ SA, where 4A is a small random quantity whose values are independent for each 
period, we obtain 


Sr. 


ar t4 1 
| o% oT) 


Here, Tj is the solution of the equation F(A,, T") = 0. 
The partial derivatives have the following values: 


: Xho 4 (T,)° 








— 12 
A=A,, T =T,: (12) 








| % 
Bry = 7 ar. wel 1+ ’ 
OMA=), kT. (2 — 22 T + rant 2kT 2 (ke — 22) 
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oF 
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i x T, k,— ho kr+ho 
i. Alt ae | tae ere 


T’=T, J sh 57, sh TT, 
For the second half-period, we have 





j ‘ ky+ he 
r= Lt a Be 
ky — ho 


We shall also find the expression for the root-mean-square values of fluctuations of the maximum coordinate 
deflection at the input of the system to be controlled, From the solution of the determinate problem (calculation 
in the presence of drift with a constant rate A), we find 

+ ed x 
it i 8, eee , (13) 
Sf ome 20 


where A is the hunting amplitude as before. 


1442 








3) 





The relationship between fluctuations A and T° is given by the equation 


“A. = N(T%), (14) 
A a 
where 
_% T, 
(7 <a T, 
i (To) = (ht, + '9) ——= is Takata 
To “Te 
t—e 1 i—e T, 


B. Let us consider a system where the conditions (9) are satisfied, In this case, the following signal arises at 
the output of the system to be controlled: 


y= k(x + G) (15) 
or, if we neglect small quantities of the second order, 
y = kz* + 2kxh,. (16) 
Let us denote 
z= 2krli. (17) 


The values of noise which is reduced to the input of the control device (at the moment of switching T®) is 
related to z by the following expression (with an accuracy to small quantities of the first order), 


oc 


tT) = \W, (t) z (T —*) dt, (18) 


where W,(r ) is a pulse function which corresponds to the pK»(p) operator. 
On the basis of the accepted assumption (9), we have 


T T 
bane (1) = \ Walt) 2 (T — 2) dt = |W, (7 — 2) 2 (0) de, (19) 


i,e., in calculating z, only the x,,t) values for the given half-period can be used, 


The root-mean-square value of €sre can be determined from the equation 


ane 
oz = 4itor\ | W, (T — 4) Wa (7 — %) 2 (1) 2 (19) @ (4 — 9) dade, (20) 


00 


where of ¢,(T ) is the autocorrelation function of the &,(t) process. 


For a system with operators which are given by (6) and ¢,(T) =e -a|r| , the calculations can readily be 
performed in explicit form by expressing o, in terms of the system's parameters and the exponent a; the equation 
thus obtained is rather unwieldy : however, for the case where aT, >> 1, we obtain, 


Tk 
Oy = 6, = ‘ (21) 


After calculating o, by using (20), the root-mean-square values of the fluctuations of the oscillating regime's 
parameters are calculated by using the same equations (5) that were used for noise linearly reducible to the input 
of the control device, 
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It is obvious that the described calculation method can readily be extended to the case where a constant-rate 
drift of the characteristic of the system to be controlled is present besides random disturbances, 


Ill, Estimate of the Extremum Loss Probability 





Due to the structural characteristics of the extremum control system under consideration, noise action can 
cause irreversible errors, i.¢., it can cause a drift of the system away from the extremum. 


We shall consider a control device which consits of the following series-connected elements; a two-position 
relay, a differentiating network which produces pulses for every switching of the relay, and a trigger that is actuated 
by pulses with the same polarity. A signal €(t) acts at the input of the control device; after the signal reaches the 
level K, the relay is actuated (Fig, 3), the pulse at the differentiating element's input causes the tip-over of the 
trigger, and the system's motion is reversed, 
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Pig. 3. Fig. 4. 


For the next trigger actuation, it is necessary that the signal E(t) be reduced to the «-2A level, i.e., that 
the relay be returned to its initial position and that the possibility of a new triggering pulse arriving at the trigger's 
input be provided, In the case of a minimum (maximum) extremum, the instants of time when the « level is 
reached from below (or from above) must alternate with the moments when the K-24 values are reached from above 
(from below). 


The error of the system arises in che following manner, At the instant of time t), the control device operates, 
but, until the moment t,, the signal at the control device's input still exceeds the level * due to inertia. If a pulse 
signal whose intensity is sufficient for crossing the K-24 level acts during the time interval (t), t,), the relay of the 
control device will first reestablish the initial state, after which it will cause the trigger to operate and the system 
to reverse its motion, 


Consider the instant of time t, which is sufficiently removed from t, for the curve £(t) only to touch the 
K-24 level without crossing it (Fig, 4) when the control device is actuated at this instant (t,). 


If a noise pulse arrives during the time interval (t,, |), where it is assumed that t, = t,, the system commits 
a basic error and drifts away from the extremum. 


An approximate estimate of the probability of the system's drift can be obtained for the following assumptions 
concerning the character of noise: 


a) The error that is reduced to the input of the control device has a pulse character, and its correlation time 
is very small in comparison with the self-oscillation period; 


b) The disturbance has a Gaussian distribution with a small root-mean-square value. 


Under the above assumptions with respect to the character of noise, it is possible to use certain results which 
give the average number of times a steady-state disturbance with a Gaussian probability density crosses the constant 
level, 


If there is a steady-state random function €,(t) with a Gaussian probability density 


| % 


jie —ae—e.* 


V 2132 2 
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the average number of crossings of the assigned constant level A per unit time is determined by the expression (see, 
for instance [7]) 


A® 


N on Ory e 265 (22) 


av 2x ’ 


where wr =— gf (0), while ¢,(T ) is the correlation factor of the steady-state process €,(t). 


Under steady-state conditions and in the absence of external noise, the signal €(t) acts at the input of the 
control device, 


We can write the expression 


@ 2A i}? 
N (n) = si! exp {— Sot gery, (23) 


233 


which gives the average number of times the steady-state disturbance €,(t) crosses the assigned level, which is de- 
termined by the fixed instant of time n. 


The arrival of pulses at any instant of time within the (t), t) interval is equally probable, and, consequently, 
the average number of crossings of the K-24 level per unit time is determined by the expression 


ty 
ig, -5-£ (24 + § (»)P 
Ny BE (orn {BSL ay 00 

t 


where T is the self-oscillation half-period, 


The 1/Nay values determine the average operating time of the system until its first error and drift away from 
the extremum occur, The system's parameters enter the expression for 1/Nay through the T, €(t), &, t, values, 


As an example, we shall consider a very simple system with operators of the type (6), Under steady-state con- 
ditions, we have (t, = 0) 


x (t) = k,(t—), 
“F (25) 
E(t) =| « + 2kke (7, + 5)le * 4-2kkt (t—T2— >) 


Assume that an external pulse caused the control device's relay to operate at the instant of time 4. Then, 
for disturbed motion at the input of the control device, we have 


t 


c=k(4-7—t),  f=De ™ + 2k (tT. +), 


where the time is counted from the moment y. We shall detemnine the value of t,, the instant in time t* when the 
curve € touches the x-2A4 level, and the constant D from the conditions 


(26) 


FO =F), Fe)=x-24, =o. (27) 





i* 
As a result, we find D = 2kk®T:e"* and the equations for determining t, and t*: 


i* 


ot, = 


x ae < ee ._*—2A og 
(Gaz + T+ o)e T, + 2t,—T, ‘= 7° (28) 
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Naturally, Nay can be calculated only approximately by solving the system (28) numerically and by integrat- 
ing (24), where £(t) is determined by using Eq. (25), 


IV. Certain Results of the Expériryental Investigation of the System 





The basic relationships between the rc }~mean-square values of the self-oscillation frequency fluctuations 
were checked experimentally, The work was performed with an EMU-6 electronic apparatus with a specially con- 
structed device, which was described in section III. A shot noise generator was used as the source of random dis- 
turbances [8]. 













































































TABLE 1 TABLE 2 
Ow /o2, (1/v- sec Owloz ’ a/v. sec 
W 
| W, “ 4 ’ < ’ ad < 
kp» . Te Os. V experi calcu Ky . ry on O02, V experi calco 
sec | 1/sec ment lation ment lation 
0.68 0,068 1,41 0,024 
10 4.0 1,1 0.063 10 1,1 0,027 
8,3 0,026 8,3 0,013 
1,02 0,194 1,41 0,051 
15 1.8 0,030 
1 1,0 2.1 | 2,54 0,154 23 P 
F _— 8,3 0.018 
: 
= = 24 3.0 1,41 0,069 0,031 
1,02 0.153 
The noise correlation factor was approximated by 
15 1.0 3.3 | 2,54 0.185 0,258 the exponential function 


























For low random noise levels, the results of theoretical calculations were in satisfactory agreement with ex- 
perimental data, 
For random noise at the control device's input, the calculations were performed by using Eq. (10), The cal- 


culation results and their comparison with experimental data are given in Table 1, where it is assumed that k = 0,03 
(1/v)*sec and x =3.6 v. 


For random disturbances at the input of the system to be controlled, the calculations were performed by using 
Eq. (21), A comparison between the experimental and theoretical data is given in Table 2, where it is assured that 
Tz = 4 sec, k = 0.03 (1/v)-sec and k =3.6 v. 


Comparisons show that there is satisfactory agreement between the calculation results and experimental data 
for low-level random disturbances, 


The results of theoretical calculations become more accurate as “ decreases (T increases), i,e,, as the ful- 
fillment of conditions (9) becomes more perfect. It should be noted that the T/T, ratio only slightly exceeds 
or even becomes less than unity for all the parameters considered above, 


The acceptable accuracy of the obtained calculation estimates indicates that the method used is not ov wi 
critical with respect to the fulfillment of the damping conditions (9). 
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All abbreviations of periodicals in the above bibliography are letter-by-letter transliter- 
ations of the abbreviations as given in the original Russian journal. Some or all of this peri- 
odical literature may well be available in English translation. A complete list of the cover-to- 
cover English translatidns appears at the back of this issue. 
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The present article is concerned with the problem of determining the conditions and regions of exist- 
ence of complex periodic operating conditions in extremum systems for two methods of approximat- 
ing the characteristic of the nonlinear part of the system to be controlled, The problem of investi- 
gating the stability of complex periodic operating conditions is considered, Recommendations con- 
cerning the practical application of complex periodic operating conditions are given, 


1. Introduction 





Relay extremum control systems where the absolute value of the control element's speed is constant while 
its sign is reversed after every passage through the extremum in correspondence with the assigned switching law con- 
stitute one of the types of extremum control systems with independent scanning, The block diagram of such a sys- 
tem is shown in Fig, la, The system to be controlled consists of a linear unit, LU, with the transfer function W,(p) 
and a nonlinear unit, NU, with the characteristic z = F(y), the only known fact concerning it is that it has an ex- 
tremum, The control device of the extremum regulator ER has the characteristic shown in Fig, 1b. As was shown 
in [1], it can be represented by a series connection of an ordinary relay with hysteresis and a ratchet mechanism. 
An ordinary servomotor with the transfer function Wfe(p) = k,/p serves as the final element FE in the system, 


Simple as well as complex periodic operating condi- 
Ps tions can exist in the system in dependence on the param- 
eters of the system's elements [2], Simple periodic operat- 
— ing conditions are characterized by the fact that the output 
0 signal Zt) of the system to be controlled crosses only one 
ae quantization level, as a result of which only a single switch- 








y(t) 




















i 
= ing of the scanning direction occurs during an oscillation 
period, Such operating conditions have been studied in suf- 
ficiently great detail by using exact [3, 4] as well as ap- 


Fig. 1. proximate methods [5]. 
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Complex periodic operating conditions occur in the 
case where the output signal of the system to be controlled 
crosses more than one quantization level, This results in the fact that additional switchings of the scanning direc- 
tion occur within a single oscillation period. We shall call such a periodic regime, where the output signal of the 
system to be controlled crosses N quantization levels, by N-uple complex oscillations. It is readily seen that N is an 
odd number. 


Figure 2 shows the approximate shape of 2(t) and X(t) signals when triple oscillations occur in the system. It 
is obvious from these graphs that the direction of scanning changes three times during the oscillation period T. 


In contrast to simple periodic operating conditions, complex operating conditions have not been investigated 
at all, This obviously explains the fact that they were considered as inoperative regimes, since their amplitude, 
which determines the scanning loss, has a much higher value than the amplitude of simple oscillations, It will be 
shown below that such a categorical statement for an entire class of controlled systems is not always valid and that 
such regimes can be entirely operative in relay extremum control systems (RECS). 
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The present article is devoted to a study of complex periodic operating conditions, i.e,., to the determination 
of the conditions and the regions of their existence and stability for two cases of approximation of the nonlinear 
unit's characteristic: a) the function z =— k,|y| and b) the function z = — k,y*. The analysis methods used in these 
two cases differ from each other, since, in approximating the nonlinear units’s characteristic by the function z = 
- kaly | , the problem is greatly simplified, and the application of the second, more complex, method for obtaining 
the solution is not advisable, 


2, Complex Periodic Operating Conditions in RECS where the 
tit) Extremum Characteristic is Given by z = — kply| 








From the definition of complex oscillations, it follows that they will take 
place if the following conditions for the required moments and directions of switch- 
ings are satisfied: 























Zw ~ we 
7 pee * z (ts) = — ix, 2(tu)<.0 (i= 1,2,..., 4), (1) 
t= 7 
1U UP ll ¢ where « is the magnitude of the quantization level, 
Considering that 
Fig. 2, 
e(u)=—kA,|y(@)|, 2 (4) = — Ayy (&) sign y (4), 


equation (1) can be rewritten in the following form: 


~ 


v(t) = if, y (4) > 0, V (e) = — if, y (4) <0. (2) 


Conditions (1) and (2) are equivalent, and the unknown moments of switching t; that these conditions deter- 
mine are the same, The difference between (1) and (2) consists in the fact that, since z(y) is an even function, 
Zt) has a frequency which is twice as large as that of 7(t). 


Let us introduce the new variable z°: 


2 = — ky. 
Then, (2) will assume the following form: 


Pi)=-—m PI)<0, 2uH)=—ix, DH)>0. (3) 


Hence, it is obvious that, for determining the frequency and the additional moments of switching, we can con- 
sider a relay system which is equivalert to the actual extremum system with respect to the shape, amplitude, and 
frequency of the signal }(t). 


In this system, the nonlinear unit of the system to be controlled is replaced by an amplifier with the gain kj, 
the output of which is acted upon by the signal z°(t), while the extremum regulator is replaced by a relay element 
with many actuation levels, 


It remains to express Zt) in explicit form in terms of the system's parameters, It is obvious from Fig. 2 that 
the signal X(t) can be represented in the form of a sum of elementary components X(t), which have the following 
properties; a) The pulse height and the period of these components are equal to the pulse height and the period of 
the ¥ (t) signal; b) the X;(t) components are shifted with respect to the initial point of measurements by the time 
ti = (—1)4y;T, which determines the corresponding switching moment; thus, in changing over from time functions 
to Laplace image functions, we obtain 


N N 1; Tp 
X (p) = X, (p)  (—ty'e4 7” +S (— ty Se 
i=] i=l P 


where X,(p) is the image of the first elementary component %4(t) of the Xft) signal, for which | = y, = 0. 
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This relationship can be written in a different, more convenient, form: 


—(¥y—% Tp 


d N 
X (p) = Xw(p) D (—Ae 9-7” 4D) (—ty4s 2 t — | 


i=] i=] 





where X,(p) is the image of the last component of the X(t) signal, 


Hence, 


N 
Z° (p) = W (p) kpXw (p) >) (—1)*He-n TP 


tan] 


—(¥n—4)TP 


N 
+ W (p) k, >) (—1)1 <=" 


i= P 





where W(p) = Wop) Wfe(p). 
This equation shows that Z°(p) consists of two components; 
a) the image of the periodic component Z%t), 











N 
Z° (p) = W (p) kyXw (p) >) (—A)'en—w TP (3a) 
i=] 
Aulhl b) the image of the nonperiodic component, 
Bosc : ¢— NTP 
Za (p) = W (p) ky 2 (—1)'#4# —*$— , 
t=1 





It follows from Eq, (3a) that , with respect to the periodic com- 
ponent, the relay in the equivalent relay system can have only a 
single actuation level, which is equal to NX, 





























Then, a 
Xw (p) = L {k, sign [2° (t) + Nx}}. 


The theoretical block diagram of the equivalent relay system is shown in Fig, 3. In this system, the extremum 
regulator with many quantization levels is replaced by a relay with hysteresis. Such a relay makes it possible to 
produce the N-thelementary component of the input signal X(t). X Nit) is supplied to the inputs of the lag elements, 
the lag time tr, of which is related to the moments at which the scanning direction is switched, i.e., all the ele- 
mentary components of the X(t) signal which act on identical linear elements are obtained at the outputs of the lag 
elements, after which the components are summed, As a result of this, the signal y(t) is equivalent with respect to 
frequency, amplitude, and shape to the signal Y(t) in the extremum system. 


The unknown switching moments can be determined from the following equations: 


Retna) = Nx, Btn) >0, Wltwa)=—Nx, “Z(tw-s) <0, 
or, by using the relay system's characteristics [6], we can write 


Im I, (@) = — Nx, Re /,(@) <0 (i=1, 2,..., N). (4) 


These equations can also be used for determining the frequency of the complex operating conditions and all 
the switching moments within a single oscillation half-period if the system's parameters are known, 
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If it is necessary to determine only the oscillation frequency, it is sufficient to consider the last of the condi- 
tions (4), 1.e., 


Im Jy (@) = — Nx, Re In (@) <0. 
This equation makes it possible approximately to determine the frequency of self-oscillations, since it does 


not take into account the additional switchings, 


We shall use the following principles for determining the region of the parameters, in this case, the system's 
gain values, for which complex N-uple oscillations occur, Complex N-uple oscillations will arise if the output 
signal Z(t) (Fig. 2) crosses the (N-2)-th quantization level and if, in this, its maximum deviation from the zero level 
does not exceed the (N-1)« value, i.e., 

Im I y (@) = — (N — 2) x, Re Iw (@) <0, (5a) 
max 2° (t) = (N —1)x. 


Complex oscillations will cease if the output signal Z(t) crossesthe N-th quantization level and if its maxi- 
mum deviation from the zero level does not exceed the (N + 1)« value, i.e., 


Im Iy (@) = — Nx, Re Iy (@) < 0, 
max 2° (t) = (N + 1) x. 


These equations determine the boundaries of the region of possible gain values for which N-uple complex 
oscillations exist, 


(5b) 


Since it is difficult to determine the maximum deviation of the output quantity of the system to be controlled 
from the zero level, we shall express it approximately in terms of the first harmonic's amplitude, Then, with an 
accuracy of the value of the difference yj4,— 74 ~ 0, we can write Eqs, (5a) and (5b) in the following form: 

Im Iy (@) = — (N — 2) x, Re In (@) < 0, 
4 . 
sr en | W (fo) | = (W — 1) x, 
Im Jy (@) = — Nx, Re In (@) <0, 
“4 . 
= hr n| W (fo) | = (N + 1) x. 


Each pair of these equations has two unknowns; k, and w, The limiting values of the gains k, and the fre- 
quency ™ are determined from these equations, 


w, rad/sec ky 


























Fig, 4, 


The described method was used for investigating triple oscillations in a relay extremum system with a con- 
trolled system whose linear unit was represented by an oscillatory element with the transfer function 





k 
Wo(?) = mp arp yi" 
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For X = const, we determined the dependence of the frequency of these oscillations on the gain k, and the 
region of allowable k, values for different damping factors — for which complex oscillations with the multiplicity 
N = 3 exist, The theoretical results were confirmed experimentally. Figure 4 shows the corresponding curves (the 
experimental curve is marked by triangles, and the theoretical curve is marked by points). 


3. Complex Periodic Operating Conditions in RECS where the Extremum Characteris- 
tic is Given by z = — kpy’ 








In the case under consideration, the branches of the extremum characteristic are essentially nonlinear, and, 
therefore, the method used above is not applicable here. We shall consider another procedure, The equations of 
the elements entering the system under consideration are given by 

P > 
y=W(p)2, Wp) = Wo (r)W,, (r) =F, FP 
z= —hpy*, 2x =k, sign (ix + 2) (i= 41,2,..., N). 


By reducing system (6) to its canonic form and by solving it with respect to the intervals [tj_,, tj] (i= 1,....N), 
we obtain the following relationship: 


Vix — 1 / (— 1)'+ 25 +3150 
vi et Pe 2 D; 0) 


k rk 
3 Pi (p,) ae? iT z 
+ OO — aes = 2 ee Py T (v4 —v¥K) — ae | { ‘ 
& pid, (P,) ( 14%" ol " (1) 


where p,, are the bands of the*transfer function W(p). 


This equation makes it possible to write a system of equations of periods with respect to the unknowns Ty ,, 
Ty yoreeeTy yyege T- A direct solution of this system of equations is connected.with great calculation difficulties, 
which make this system unsuitable for practical pirposes. However, this system can be simplified by means of linear 


“4T 
ev 


g and ev7(%4—vk) functions, By expanding them in a Maclaurin series and by 


approximations of the ; 
i+te’ 


retaining the linear terms, we obtain 


Py iT 27 —{ 
e i 
———» = 1 + pT, 
1+" 5 
ePyT(4—YR) 1 + pyT (Yi — Yn): 





Such an operation is possible only in the case where |p, (Ty i-7k)| < 1. In this case, it is entirely justified, 
since the difference (y ;— 7 ;,) is small. Hence, we obtained the approximate relationship 


i-1 


Vix (rs) (—1)4 i 
eg 7 [0-1 + 2 e+ 3] 4 - 
i-—1 
+2 (27, —1)B, — 27B, >) (—1)* (11 — 14) — As, 
k=1 
where 
ps (0) gt =, P1(p,) _ 3 Pale) 
DO’ 2. PyDi(p,y' "PRD (P,) 


This equation makes it possible to write a system of linear equations for determining Ty ,, Ty,.....Ty N-1» T: 
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by = A417, + ee + QinIN; 
bay = Gq,%, + Oyp%y +... + Gg ty, (8) 


On, = Gnj% + Gnets + ... + On,w-12N-1 + Gwen, 


where x; = Ty ck =1,...,.N—1), Xy = T/2, by. aij are the coefficients which are obtained from (7) after transfor- 
mations; i, j = 1,...,N. 


The system will have a unique solution if its determinant D # 0. 


However, this condition is necessary, but not sufficient for the existence of N-uple oscillations, It may happen 
that any of the unknowns is negative or equal to zero, 


Since 


i= 


=) 


for the existence of N-uple oscillations, it is necessary and sufficient that 


1)D>0, D;>9, 
2dD<0, D< 9. 


By using these conditions, we can determine the parameter regions in which oscillations of a certain. multi- 
plicity exist. In particular, it was shown that triple oscillations do not exist in RECS where the transfer function of 


& 
the linear unit is given by W (p) = piTip +t p +i) + Where € = 0.5, and that simple oscillations are immedi - 





ately transformed into quintuple oscillations, This was confirmed by experiments, 
4. Stability of Complex Periodic Operating Conditions 





As was done in[6], we shall determine the stability of complex operating conditions, The operating condi- 
tions under consideration are asymptotically stable if the deviation (or variation) u(t) from these operating condi- 
tions tends to zero with an increase in time for small disturbances, In other words, for analyzing the stability of 
the periodic conditions, it is necessary to write an equation in terms of variations and to investigate the equilibrium 
position of the system that is described by this equation, 


According to Fig, 5, the value of }(t), which characterizes the periodic operating conditions, is determined 
by the following equation [if f (t) = 0}: 


L{y (t)} = —W (p) L{(O(— kg}, 
where’ @f—kny *(t)] is the characteristic of the extremum regulator's control device (Fig, 1b), 


Here, for the sake of determinancy, it is assumed that z = — kyy’, 
although this has no basic importance, 



























































2,(t) y,(t) 
™| FE - LU | : Let p(t) be the deviation from periodic operating conditions which is 
caused by a disturbance f(t) # 0, Then, 
z(t) 
2) 1 yy) HOO +HO}=LUO)— WL O(— hy GY + OD. 
Hence, by neglecting small quantities of the second order, we obtain 
Fig. 5. an equation for the deviation p(t): 


Lip ()} =LEW} —WpPL@ [— ky Olu@}. © 
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According to [6], we shall have 


N oo 
Lie ()} = Lf (O} — WL YD ke D8 (¢ — key) » (Oh, (10) 
i=j 6 k=0 
where 
ky = ‘aj teeetae th 
|— kay? (t,) | 


It is obvious from Eq. (10) that a pulse system containing N pulse elements with identical repetition periods, 
which do not however operate in step, and a continuous element with the transfer function W(p) constitutes the first 
approximation of a linear extremum control system that 
operates under conditions of complex oscillations, 


Hos r, The block diagram of the first-approximation system 
Mp») is given in Fig, 6. The stability of the equilibrium posi- 
ie Ky tion of such a system can be investigated by means of the 





existing methods, 
Fip) Up) 


ee ee eee mp) CONCLUSION 


On the basis of our analysis of complex periodic op- 
erating conditions, one can provide certain recommenda- 


























Ky tions concerning their application. A completely defined 
mp7.) scanning rate, which is characterized by the value k,, is 
necessary for an entire class of controlled systems. In this, 
Fig. 6. it may happen that k, has a value which gives rise to com- 


plex oscillatory operating conditions, 


Until now, such conditions were, without reservation, defined as inoperative, In order to prevent the occur- 
rence of such operating conditions, the systems were provided with additional logical devices, which made it pos- 
sible to realize operating switchings through one, two, etc., quantization levels. This led to insignificant increases 
in frequency, but also to very large increases in amplitude, If the existence of a complex oscillation regime is 
accepted, one can secure a frequency which is very close to the frequency of the critica! operating conditions with 
a somewhat larger amplitude, The question now arises: Is it better to make the system more complicated by re- 
ducing its reliability or to accept somewhat inferior operating conditions, which can, however, be readily realized? 
It is obvious that, with the exception of certain specific cases, the second method may be chosen, i,e,, the complex 
periodic regime can be used as the operating regime. 
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INVESTIGATION OF NONLINEAR UNSTEADY-STATE SYSTEMS 
WHICH ARE ACTED UPON BY DISCONTINUOUS RANDOM 
DISTURBANCES 


M. I. Gusev 


(Kalinin) 

Translated from Avtomatika { Telemekhanika, Vol, 22, No, 12, 
pp. 1593-1600, December, 1961 

Original article submitted April 25, 1961 


The present article is concerned with the investigation of nonlinear unsteady~state automatic control 
systems which are acted upon by discontinuous constraining random and determinate forces. The 
application of digital,and combined digital and analog computers for determining the distributions 
of generalized coordinates is considered for the class of automatic control systems under investiga- 
tion, 


1, Statement of the Problem 





An arbitrary dynamic system with a finite number n of degrees of freedom can be described by the follow- 
ing Lagrange equations of the second kind under the assumption that all the couplings of this system are independent 
of time and that they do not contain nonintegrable differential couplings: 


d @L éL 
=-—— —-  = k=1,2,..., ),. (1,1) 
dt ax, Ox, & ( ) 


where Q,,...,Qn are the generalized forces which are applied to the system, and %;, = dx;,/dt is the generalized 
velocity ofthe k-th coordinate. 


Assuming that the solutions of system (1.1) without the right-hand sides are known, 


Ze = Ty (t, Cip see Con) = Ty (t, c), 


: ° . = (1.2) 
Ty = Ty (t, Cy, .. ~ 5 Con) = Tr (t, ©), 
we obtain,after substituting these solutions in the initial system (1.1) , 
BRE—0 BRP H ee tau 


where py (t, 2, Z) = = are the generalized pulses, 
‘ 


By using the Lagrange method and by introducing the canonic constants &) = Cc), By = Cy, 4, the initial 
system (1,1) can be reduced to a system of 2n first-order differential equations: 


n dz, dB, n dz, 
- ’ F Bookie — = 1, 2,...,n). (1.4) 
Py e 8, 0 py i on, . 


By performing the above formal transformations, the consideration of the behavior of an actual dynamic 
system can be zeduced to the consideration of the behavior of a material point with finite inertia in 2n-dimen- 
sional space, We shall consider below an apparatus which makes it possible to find the distribution function of the 
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generalized coordinates of a material point in 2n-dimentional space in the case where the point is acted upon by 
discontinuous random and determinate constraining forces, 


2. Derivation of the Distribution Function for the Generalized Coordinates of a 
Material Inertial Stray Point 








It is advisable to start the development of a mathematical apparatus by considering the behavior of an inertia- 
less material point in n-dimensional space for the case where the point is acted upon by discontinuous random 
constraining forces, The behavior of such a particle is described by Langevin's equation 


dz, 
a ~ vi (ia i, 2,..., a). (2.1) 


In the case where the input disturbance has the character of white noise, we can write the following expres- 
sions for an arbitrary distribution by using the Markov method [1, 2): 


exp (— ipZ) An (0) dp, 


8 


Ww) = = 


(2,2) 


An (Pp) = w (xj) exp (ipx;) dz;, 


— 
gs 


~~. 
i} 
_— 


where p is an arbitrary polar vector. 


After transformations, we shall obtain the final expression for the distribution function of the generalized co- 
ordinates of a stray Brownian particle under the assumption that the arbitrary initial conditions are given by 


n t 


W (Z, t) = I] (x \D (t) dt L exp Hy Pi. nme ‘ (2,3) 
Se cris \>, (x) de 
0 


where D,(T ) is the power density of white noise in dependence on time. 


As an example of finding the coordinate distribution of a stray Brownian particle, we shall consider the one- 
dimensional case with steady-state noise action under zero initial conditions, In this case, the coordinate distri- 
bution function for the Brownian particle will be given by 


i x 
W (2) = Tap °=P le a) (2,4) 


We shall assume that the time t varies from 0 to 1, We shall first determine the density of the probability 
that the particle will be in the interval from x, to x, + dx, at the instant of time t = 1/2 and that it will be in the 
interval from xX to X_ + dx, at the instant of time t = 1: 





Sy > a ee ca 1 5 (m—2) 
1 Wabi, exp( Di) yaa | De |. (2.5) 


Then, the probability that the stray particle will be located within certain intervals (a,, b,) amd (a2, bg) at 
the instants of time t = 1/2 and t = 1 will be given by the expression 


: 2 
& exp (— pz) bs exp [- aoe | 
P,= \ va dz, \ VaDh : dx, 











(2.6) 


1456 








ia- 


O- 





By subdividing the corresponding time interval into ever smaller sections and considering, for each instant of 
time, the probability that the stray particle will be found in an arbitrary interval (ap, by), we can write 


b On 
4 (;,,—2;) 
Px = a \ ..- (exp [— - 2 | dt. «date. (2.7) 


Expression (2,7) is the measure of cylindrical multiplicity sets in the space of all functions which are deter- 
mined by the conditions 


a, << X(t) << dy, On << (tn) < dn. (2,8) 


This measure is designated as the Wiener measure, Expression (2,7) makes it possible to describe at any in- 
stant of time the behavior of an arbitrary inertialess particle which experiences the action of white noise. 


If we let n tend to infinity, we obtain in the limit 


W(z,t) = --. { exp{— >» Luau Last dx} dda, . . . dtp. (2,9) 


Cx, ex, 


We shall now assume that a material particle with finite mass experiences the same constraining force as in 
Eq. (2.1). Then, 


d+ Be (G,d = (2) (@—1,2,...,2). (2.10) 


On the basis of the equation 





&= Hi + BG, 0) (2,11) 
we can immediately write 
ton : ™ 2 
i i (yy, + By, t)) 
W (9, t) = ( ec | exp {— ( 5 bal ax} F (9) dy, dys... dyn: (2,12) 
Cy, Cyn 0 i=] 


The Jacobian F(y) of coordinate transformation-can be obtained [3] by finding the Fredholm determinant of 
the linearized Volterra transformation: 


> OB, (y, 
“60 AtB) — ee ean, (2.13) 


where 7 5 =y(4r, 8),and1 = a SN~1, 


Here, N is the number of sections into which the (0, t) interval was divided, 


Finally, the distribution function of the generalized coordinates of a stray point with finite mass and n degrees 
of freedom can be written in the following form for the case of the action of discontinuous constraining forces; 





¥, +B, 9,0 =90 U<icn. (2,14) 
t : -— 
es " ru +3,@.0" 4 OB, 2) 
wg.o= Jf --f exp{—\ > | ee ae = Jas} 
Vee = Un tas fa (2.15) 


x dy, , yp .4°**dYy: 
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Thus, returning to our initial assumptions, we can say that the distribution function of generalized coordinates 
can be found for an arbitrary dynamic system which experiences the action of discontinuous constraining forces. The 
development of an engineering method for determining the necessary properties of the system can be reduced to the 
finding of rational calculation methods that are based on expressions (2,14) and (2.15), 


3. Development of the Engineering Method and Aspects of Utilizing Computers 





Before considering the method for investigating nonlinear systems, we shall first consider a method for in- 
vestigating very simple linear closed-loop control systems which contain inertial first-order elements in the for- 
ward and the feedback circuits, Such a system can be described by means of two ordinary differential equations; 


Tez+2=9,-—y Ty t+y=2z, (3,1) 
where ¢,, is a random discontinuous signal with the autocorrelation function 
ky, = Dd(t — 1). (3,2) 
On the basis of the expressions (2.14) and (2,15), the distribution function of the output coordinate can be rep- 


resented by the following system: 


W (a) =N \ exp {—-\|a (Te +2+yP— Po (et y) |ae} dx (3.3) 


ox 0 
Ty ty = for © \i 9 = Zo Y \hng = Yor 


The function y is related to x by means of the convolution integral 


y (0) = |x (&) exp(— Faz. (3.4) 


0 


If we take into account the initial conditions used in solving the differential equation in expression (3,3), the 
distribution function can be written in the form of the following functional: 


W (z) =N, { exp{—| > (Ms +24 * x (&) exp(— “z-*) dtp at} dx. (3.5) 


j 


In order to interpret the integral of functional (3.5), we shall write the x function in the following form by 
using Kotel'nikov's theorem [ 4): 





z(t) = 32 (2) sin x (2wt — n) (3.6) 


2w x (2wt — n) 


where w = 1/T characterizes the limitation of x(t) with respect to frequency. The important property of the func- 
tion (sin ™ x/nx) is that it is equal to zero if x is an integer, and that it is equal to unity if x = 0. Moreover, 





\ sin mz dz=4, 
mr 
‘er: (3.7) 
sinn(z—r) sin x(x —s) ie ={, for "=5%, 
\ x (z—r) x (2 — 8) 0 for rs. 
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}.1) 


3,2) 


 rep- 


3.3) 


3.4) 


, the 


3.5) 


by 


3.6) 


unc- 


(3.7) 





By substituting expression (3,6) in Eq. (3,5) and taking into account the properties of (3,7), we obtain 


Wey=N, (++ fexp{—4 ool nin 








(3,8) 
‘ i tAt a — 
+u+ au | exp(—A Sal ardry...dens, 
i= = (1) Al 
where At = T,/2, 
We can use the following well-known equation for solving (3.8): 

\---fexp {- > aysz.25} dadx, = x™? [det (ay)J-. (3.9) 

—oo i, j=l, 


If a computer is to be used for calculations according to (3,9), it is most convenient to use the following al- 
gorithm [ 7): 


det (a4;) = aly”, (3,10) 


aitt+) — ——! aft) 


,. ? k) g(k) — ait) (3,11) 
ij k—1 [afpay. Or sy A, gh . 
af Ct ita $41 “444, § 


The calculations can be performed in a somewhat different manner, Actually, the expression for y(t) can be 
written in the following form: 


(i—1) At (t—€) {At (t—€) 


y= | xe@e > a+ | feG@e ™ dy ke (8.12) 
0 (i—1) At 


In this case, expression (3,8) can be rewritten thus: 














ae ee W (2) =, (..\oxp {— 4 
a P 4 4% 














fe + > (yi-t + kins) | drydity .- dn (3.13) 


i=1 











rig. 2. The last expression can be written by using simple recurrent formulas; 








2 1 (4_,D)* 
W (x41) = Niexp ix (At+o,_,D, (4 _,D, +9) At+5,_,D) te 


ai [1— 4 os (of_,Dy_,) ] 
w= |) — Fe) Gath) O+e,DLp I 


(3,14) 





We shall consider an example of the exact solution for nonlinear systems, The system (Fig, 1) is acted upon 
by the sum of a step signal and a white-noise random signal, The block diagram of the program for solving this 
system by means of a Ural-1 computer is shown in Fig. 2, Figure 3 shows the solution for At = 0,25 (curve 3) and 
At = 0,5 sec (curve 2) and the histogram (curve 1) which was obtained on the basis of 200 realizations, As an ex- 
ample of how the system's excited state affects the distribution, Fig. 4 shows the distributions of the signal x at the 
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instant of time t = 0.25 (curve 1) and t = 2,25 sec (curve 2), From this figure, it is obvious that the system's excited 
state considerably affects the distribution, Let us consider another example of a nonlinear closed-loop control sys- 
tem whose forward circuit contains a linear element, while the feedback circuit contains a nonlinear inertial element 


Tr+2=9,—y, yt+y*=z. (3.15) 
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Fig, 2. 


In order to find the distribution of the x coordinate, it is necessary to know the y = f (x) dependence under the 
condition that x be a constant quantity at the assigned discreteness step. By using the Taylor—Cauchy transform [5], 








we obtain 
Yi = y(t) = (At — */s At?) a + 2/35 At®at + yy, = ax, + bai + Yu. (3.16) 
The distribution at the system's output will be written thus: 
sa — At Ti44 —T 2; 
W(ay= N,\...\exp [— a ( Ai 
— oo i=1 
a Xi aa ax; + bx? + vi) | dz;. (3.17) 
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lent; 


5) 


r the 
(5), 


.17) 





A computer can be used for performing calculations according to expression (3.17). By using the statistical 
linearization method [6], expression (3,17) can be reduced to quadratic forms, The calculations are performed by 
using the recurrent formulas (3,14), Actually, expression (3,16) yields a functional inertialess coupling between y;, 
Yj-g» and x;, while the linearization is performed by means of the usual method, since the distribution of x; as 
yj-1 for the inertial systems is sometimes known, Thus, the distribution for x; = x(4t) can be written immediately 
for the initial zero conditions, 


W (x) = Nexp (— Dai zt). (3.18) 
By using this expression, we shall find the equivalent trans- 


wiz/0 i) fer constant, which relates x, and y;: 


02 





b*DAt ). 


1 


y= Z(atar+% (3.19) 


Knowing k,, we can find the distribution W(x,) for t = 





























QAt: 
7 W (2) rs 
T? T? T,/At—1—k) 
N exp} —|—+- — = a : ce 
{ AtD OM | (api +(F)] 
= N, exp (— ,74). (3,20) 


The expression for W(xs) will be written in the following 








form: 
“a a [iF (2. tok 
me , W (24) = N,\exp ‘rae la i ky) 
2 
+ vs | + vii} dz, (3,21) 
Q25- 
where ke=ata+%s—. 
Yi 
= 3 ‘ ‘in All the subsequent steps are realized in a similar manner, 
Fig. 4. It is advisable to investigate complex automatic control systems 


by using combined circuit diagrams of analog and digital com- 

puters, Actually, if the additional conditions (2,15) cannot be 
solved in the general form, analog or digital computers can be used for solving them, The obtained numerical data 
are used in calculating the expression (2,14) by means of digital computers by using algorithms which are similar to 
that given in Fig. 2, 


Thus, by using combined computer circuits or by means of digital computers, we can obtain exact or approx- 
imate expressions for the coordinate distributions of nonlinear, generally, unsteady-state, mock-ups of complex con~- 
trol systems that operate in the excited state under the action of discontinuous random and determinate input dis- 
turbances, 
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One simple method is given for finding the optimal control law in the form of a function of the phase 
coordinates, 


1. Statement of the Problem 





We shall study the optimal transient response in a control system that is described by the differential equa- 
tions 


dz; he 
= = Daj t bu (i =4,...,n), (1) 


j=1 


where x; are the phase coordinates system, a;;, bj are constant coefficients, The function which describes the con- 
trol signal belongs to the set U of allowed piecewise continuous functions that satisfy the condition 


ja (t)| < 4. (2) 
The problem of synthesizing the optimal control law is formulated as follows, For the system (1) we must 
find the optimal control function U(X -009 Xp) among all allowed control laws which is such that two conditions are 


satisfied: a) The trajectory [%4(t),....Xp(t)) of the system (1) starts from any initial position [x;(0),....X,(0))] and tends 
toward the origin fort + , and b) the functional 


coo on 
J(u) = \ ( ! ayzi) dt (3) 
0 
acquires its least possible value. 


In the integrand of the functional (3) the coefficients a; are positive and certain of them may be equal to 


n 
zero, Therefore the quadratic form V = 5) a;x;}_ is positive with a constant sign, 
i=1 


The optimal control function u°(x,,....X,) can be found from the L. S. Pontriagin principle of the maximum 
[1]. It is precisely the optimal control law u® in the form of a time function that is defined as 


u® (t) = sign ( LA (t)). 
i=1 
Here ¥,(t) (i= 1,...,m) are solutions of the conjugate system 


n 


d 
= — Dats (i=1,...%) 
j=1 
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for the initial conditions ¥;(0) which were chosen so that the trajectory of the system (1) tends toward the origin. It 
is evident that the values ¥;(0) depend on the initial conditions x,(0). If we could find the relationship between 
¥4(0) and x4(0) namely (0) = ¢, [x(0),....%,(0)] which assures passage of the system trajectory through the origin, 
then we would obtain the optimal control function 


w° (2,609 Sn) = Sign b big; (21, ..-, in). 


i=1 
“0 The difficulty of this method resides in particular in finding the analytical relationships between ¥,(0) and 
x,(0). 


The problem which we have posed can also be solved by the method of dynamic programming. Using the 
Bellman method [2], the optimal control law U° (%4 0002 Xp) is determined from the following partial differential 
equation: 


n 


= b a,x} +- 3a (5 A452; +- bu)| == (). (4) 


From this we find the optimal control law 


u® (z,,...,%) = — sign (Size, - i) (4a) 


Here the difficulty resides in finding the function f(x,,...,Xp) from the partial differential equation (4) in 
which the form (4a) has been substituted for u 


In this paper we cite a simple method for finding the function u°(x,,...,%,) which is based on a certain Lya- 
punov theorem, 


2. The Solution of the Problem 





At first we shall make one assumption relative to the system (1). Assume that the system is intrinsically stable 
(i.e., the roots of the characteristic equation aj; — 4 jj | = 0 have only negative real parts), Then in accordance 
with the Lyapunov theorem as generalized by Yu. I. Alimov [3] there exists one and only one definitely positive 


n n 
quadratic form W (2,,...,2n) = b Ajj%;X; for the specified quadratic form V = b> a,x; that has a 
i,j=t i=1 
positive sign; this form satisfies the equation 


n 


j Tj = 3 a;xi. (5) 





From this it follows that the coefficients Ajj (i, j= 1,...,m) are solutions of the following system of algebraic 
equations: 


\ (Ajjajn + Axjaji) = ~ a Toray adix (i, k=1,...,"), 


Ms: 


d=1 


where 6,), is the Kronecker symbol. 


Now we assume a priori that there exists an optimal control law u° (Xq,...»X,,) that transfers the initial point 


n 
to the origin, Differentiating the derived function W = > AjjX%j%j along the integral curve for the system (1), 
we obtain i,j=1 








1 It 


rigin, 


id 


(4) 


(4a) 


ja~ 


stable 
e 


J 
, 


(5) 


raic 


int 


1 (1), 


Tr = 3 FE (‘Sasa + ba) = 9} oat + we © 


i=1 j=1 i=1 i=1 


in view of Eq. (5), 
Integrating both sides of Eq. (6), we obtain 


co 


v( 5} az?) \dt --(aw+lo(3 b; i) = W (0) —W() 


0 (2 0 9 i=1 


+) a(n gan 


=1 


(7) 


where W(0) = WX4(0),.005Xn(O}},W (9) = W(X, ( over Xn( ? Je 
Since the function W has a definite sign and an optimal control law exists, the value of W(#) goes to zero, 


From (7) it follows that in order for the functional (3) to be minimal with respect to u it is necessary and suf- 
ficient that the optimal control law be defined in the following manner (cf, Appendix); 


w (Sa, coc Zn) = — sign (5 » fo oz, =) = — sign [y yy (Aj; + Aji) x," (8) 


i=] t=1 j=l 


n 
On the other hand the function W = >) Aijti2j fs a Lyapunov function for the system (1) with the control 
law (8), Namely, i,j=t 


i | <0 





n 
dw “> 2 
—— _— __ a;zti — 
= 2 ur 
i=1 


3, On a Slippage Mode 








In this section we shall demonstrate that in the system (1) equipped with the optimal control law (8) there 


exists a slippage mode, For convenience in our investigation we shall introduce the variable x, , ,: 


n 


Tati = Bt =>; bi 2b; Aij2;. 


i=1 i=] j=l 


We shall assume that Aj; = Ajj, Then we can write the system (1) in the form 


dz, 

“=F ayjx; — b, sign Zny, (i =4,...,M), 
j=1 ® 

drniy om . 
ae => Qn+i, §%j — batt SIgN Zn+1, 
j=1 
where 
n n 
dai, j = > Dy 2bianjAix, bays = 5) 5} 2A jzbibj. (10) 

i=1 k=1 i=1 ji 


From (9) it is easy to see [4] that if b,,, > 0 it follows that the system trajectory entering the region 
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n 
> An+1, j7j ~ batts 
j=1 


will definitely land on the hyperplane 


n 


>> >) 2iAuz; a= ( 


i=1 j=1 


in the space (x;,...,Xp). Then,without leaving that hyperplane,the image point will move along a trajectory de- 
termined by the equation 


se = Di igtj — F—— Dh Ont. 5 2 (iam fi,...,8) 
at j nti j 


until it lands at the origin, 


Therefore in order to assert the existence of a slippage mode it is sufficient to demonstrate that by, , > 0 for 
any specified coefficients b, (i = 1,...,0). 


In fact, b, +1 is the quadratic form (10) relative to the parameters b; with the coefficients Aq ti, i = Leccon lt 
It is evident that b, , , will always be positive, 


4. The Synthesis of Pulse Systems 


Assume that in the system (1) the control function u is a pulse function with amplitude modulation and equal 
repetition periods; i.e,, the system is a pulse system of the first type [5]. Because of this property of the pulse func- 
tion u it is not difficult to transform the system (1) into a system of difference equations with constant coefficients 





n 
Li, mot => PigXim + Um (i= 1,-.-, A) (11) 
j=1 


(where pj, cy are constant numbers which depend on the repetition periods), Here the symbols x;,,, U,, are an 
abridged notation for the variables X4, u treated at the instant mT; L.¢., Xjpy) = X; (MT), U,, = u(mT ), where T is 
the repetition period and m acquires integer values 0,1,2,... In order to perform the subsequent analysis in more 
abbreviated form, we shall make use of the matrix form for the system (11); this system can then be written as 


The synthesis problem is formulated as follows, For any initial conditions xj» (i = 1,...,m) it is required to 
find the series of controlling quantities { u,,} (m = 0,1,2,...) with the limitation 


|um| < 4, (13) 
which are such that the functional 
J (tm) = 5} (Si aitin), a, >0 (14) 
m=9 i=1 


has its minimum value and lim xj, = 0( i=1,...,m). 
Dr 


The problem can easily be solved by the method that is used for analog control systems. 


Assume that the moduli of the eigenvalues A, for the matrix P are less than unity, Then the following theo- 
rem [6) will be valid (the situation is analogous that corresponding to analog systems), For any specified definitely- 
positive quadratic form Vim = x},AX,, there exists a single definitely-positive quadratic form W_, = X},BXp, which 
on the basis of the system x,,, ,, = Px, satisfies the equation 
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Wis —s Wa = -—- Fine 


The matrix B ts defined by the equation 
P’BP — B= — A. 


Assume the matrix A = Il Aj; ll, where Ay; = ay54;. Then the functional (14) can be written as 
oo . co 
J (Um) = >) tnAtm =F) Ven: 
m=0 m=0 


Now we shall compute the difference W,,,,—- Wp. In view of the system (12), 


Wins — Win = (SmP + Cm) B (Pim + Cum) — 2 m B&m 


= — £pAtm + (C’BPtm+ tm P’BC) tm + (C’BC) ub,. ns 
for Summing both parts, we find 
n), J (Um) = > Vn = Wy +3 [((C’BP am + 2mP’BC) tm + (C’BC) ui). 

m=0 m=0 
From this it follows that when the limitation (13) is taken into account the functional \(u,,) (14) will be 
1al minimal with respect to u,,, only in the case where u,, is defined as follows: 
nc- 
ts tm = S7ETB Ty (C’BPZm + tmP’BC) for | s7erB ey (CBP 2m + tmPBC) | <A, 
E- um = 1 . Tew (C'BP 2p, + uP BOS 1, (16) 
Um = — 1 Sor TBC) (C’BP Im + ZmP’BC) > 1. 

$ Substituting (16) into Eq. (11), we shall obtain the difference Wei Wm which will always be negative; 


this will guarantee the asymptotic stability of the system (11), 
The author thanks A, M. Letov and E, A, Barbashin for very useful remarks, 


12) Example 
As an example we shall study the following second order equation: 





ld dx fl N. 1 
13) sat s+ u, Ocaci, jel< (17) 


The functional which is minimized is written as 


14) J(u) = \ z*dt. 
0 


We shall rewrite (17) in the normal form 


dz, _ 5. di, _ _ 2, — 2uzy, + u. 

dt dt 
20° In accordance with the Lyapunov theorem, for a specified Vv = x” there exists W = Ayx? + 2Ag%X + AgaX} 
ely- which satisfies the equation 
ich 
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aw 
dz, 


Comparing both parts of this equation, we find 


t+ 5 (- t, — 2 ax) = — zi. 


Au=a+ i, An = » Ag=s—. 
Therefore the optimal control law is of the following form: 


uo = — Nsign (Fe) = — N sign ( = + 5%) =—N sign (2 +505). 


It is easy to show that for such a control law there always exists a slippage mode [7]. 
Appendix 


In general the control law in the form (8) which derives directly from (7) does not yield the minimal value 
of the integral, since in the first part of Eq. (7) the integrand function depends not only on the control law u but 
also on the functions x,(t) which are defined by the control law u proper, However, it can be demonstrated that in 
the case under study the optimal control law is indeed determined from formula (8). For this purpose we shall 
examine the relationship between the Lyapunov function W (x;,....X,) and the function f (x;,...,Xp) which is defined 
by the functional Bellman equation: 


n n 


Y aet+ > 2.5) oy2;— ys 1 | =0 (18) 


i=1 =] i j= 





It is easy to prove that the function f(x,...,,) which satisfies the condition 


7) ow 
as; = A (X45--+) Zy) dx, (t= 1,..., n), (19) 
with 
n 
>> ax; 
A (25--+, Ly) = =! ne 





7 


n 
» «i tld > ie | 


t=] i=1 


will be a solution of Eq. (18), In fact, Eq. (18) becomes an identity when Eq, (19) is substituted into it. It remains 
for us to demonstrate that the function f(x,,...,x%n) which satisfies condition (19) is definitely-positive. Multiplying 
both sides of Eq. (19) by x; and summing the results, we obtain 


n 
bY Fe Rent 233 a, 7 ee «+» By) Ww (Z,,..-5 z,,). 
i=1 


It is evident that the sum 
n 
D> a (20) 


is rigorously positive and goes to zero only at the origin, Note that the sum (20) is the scalar product of the vector- 
radius drawn from the origin to some point a on the surface F(X400000%p) = c (c is a constant number) and the vector- 
normal to that surface which passes through the point a. Assume the equations f(x,,....Xp) = Cys S(xps0-0e%Xn) = Ce 
defined two surfaces F, and F, in the phase space (x,,...,%n). Because the sum (20) is rigorously positive we con- 
clude that the surfaces F, and F, are convex and that F, is located completely within F, if c,< c,. Since the 
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ned 


18) 


19) 


ing 





function F (Xq000- Xn) is equal to zero at the origin it follows that F(%4,.+65 ¥n) is definitely positive, Since the multi- 
plier A (X4,...»Xp) does not change sign at any point, we can write 


n n ia n om 
u® = — sign (>) b; x) = — sign [a (240-.+0 By) >) b; =, | = — sign (5 b, z=) - 
iz=1 i=1 i=1 


Our proposition has been proved, 
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The paper studies an exact method for determining periodic modes in a relay automatic control sys- 
tem thsi is designed according to an arbitrary block diagram with any number of relay elements, The 
problem is reduced to formulating the equations for the periods, The results are expressed either in 
the form of complete Fourier series in terms of the coefficients of the original system of differential 
equations, or in closed form using the roots of the characteristic equation, 


Heretofore numerous and varied papers have made a detailed and all-round study of relay automatic control 
systems with one relay element, In contrast to this little attention has heretofore been devoted to relay systems with 
several relay elements, In view of the complexity of the general problems which involve the dynamics of systems 
with several nonlinear elements (including relay elements) particular problems which are simpler but of practical 
importance have been isolated from these general problems and analyzed (for example, the determination of periodic 
movements and the investigation of their stability). 


In order to solve these problems approximate methods and techniques were used which were based on the prin- 
ciple of harmonic balance, It should be said the results obtained in this way make it possible in a number of cases 
to make judgements concerning the general dynamic properties and the pattern of movements of a nonlinear system, 


However, the approximations permitted in these methods do not permit the full exposure of certain phenomena 
in nonlinear systems; in the case where several nonlinearities are present the discrepancies between the approximate 
results and the actual properties of the system prove to be appreciable. Therefore those methods that make it pos- 
sible to achieve exact or almost exact results are of great significance. 


Such methods were proposed in [1] for a relay system with two relays that was designed according to a single- 
loop network, and in [2) for an arbitrary system with two symmetrical relays. 


In this paper we give the exact solution of the problem involving periodic movements in a relay automatic 
control system with an arbitrary block diagram containing any (finite) number of relay elements with arbitrary 
characteristics, 


1, The Transformation of the Original Equations of Motion 


We shall study the system of original differential equations of motion 





tx = >) Arata + >) Seafa (Sp) (k= 1,2,..., 2), (1a) 
a=1 B=1 
Op= >) erty (B= 1,2,...,m), (1b) 


¥=1 


where aka? by Be Cg, are constants, f g ( og) are as yet arbitrary nonlinear functions of their arguments, n is the 
order of the system, m is the number of nonlinearities, 
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(1a) 


(1b) 





Assume®* 


B.Aa) 7s des food. P.ck eG po ecle ‘ 


is the characteristic polynomial for the system (1), 


Replacing the s-th column of the determinant N(p) in turn by the columns byg for all 6 = 1,2,.,.,m and 
s=1,2,...,m , we must obtain mn new differentiation operators whose order is no greater than (n— 1): 


MS (?) =D) Ong nn (P) = vp" + -. . 8, 
k=1 


(Pim i, 2, .5)., me; em 1,2) 4.., a). 


(3) 


Here N;,(p) is the algebraic complement of the element in the k-th row and the s-th column of the deter- 
minant N(p). 


Using the operators MP? (p) and the coefficients Cay , we form m?® linear forms of the type 


Mos (p) = pe Cay Ms (Pp) = Pasyp™! +... + asm (B, 8 = 4, 2,..., m). (4) 


v=1 


Making use of the operators (2) and (4), the original equations of motion can be reduced to the form * * 


N (p) yg = fy (,), (5a) 


5, = >) Mz, (P) UP (B = 1, 2,...,m). (5b) 


S8=1 


Here yg are new variables that are related to the original variable x, by the differential relationships 


m 


i, = > M* (Pp) Ys: (6) 


8=1 


In accordance with Eq. (5a) the new variables y, and their derivatives up to the (n— 1)-th inclusive are con- 
tinuous time functions. The derivative y> is subject to discontinuities only in the case where the corresponding 
nonlinear characteristic fg(o8) is discontinuous; the discontinuities of f g(o8) are transferred without variations 


toy). 


As far as the arguments og of the nonlinear characteristics are concerned, it follows that they are continuous 
time functions since the order of all the operators Mg¢ (p) in (5b) is no higher than the (n — 1)-th order, 


The derivative 4, can prove to be discontinuous at the points of discontinuity* * * J5(.0 ), a8 long as the order 
of operator M, s(p) is not lower than (n - 1), Therefore, in the case of the discontinuous characteristics 4, (o 9), (it 
is this case which is investigated below) their “switching” may prove to be of the “slippage” type for certain initial 
conditions, 


We shall limit ourselves to determining those periodic movements which consist completely of normal (non- 
slippage) “switchings" of nonlinear characteristics, 


"Ske is the Kronecker symbol. 
** The equivalence of the differential equations (1) and (5) for (6) is proved in the Appendix, section 1, For a sys- 
tem with one nonlinearity [6] cites a different,more complex,proof of the equivalence of these equations, 


*** Here they are in the form of nonlinear characteristics (5 = 1,2,...,m), which can cause discontinuity at the de: 
rivative Gg. 


1471 











2. The Search for Periodic Solutions in the Form of Complete Fourier Series for Eq, 
(5) When the Characteristics are Piecewise-Linear 








We shall seek periodic solutions of Eq. (5) for the case of piecewise-linear characteristics on the assumption 
that the type of periodic solutions is specified. This means that the sequence of “switching” is known for each non- 
linear characteristic separately, The “switching” sequence for different nonlinear characteristics is not stipulated, 


Assume that the sequence of “switching” instants tg iB is specified for the characteristic fa(o, ) over the 
period of movement T by the inequalities 


tpo< far + -- < lang = tp + T. (7) 
Then the nonlinear characteristics are determined by the 


fa (Sp) = pj, 5p + bain (ta jg—1 <i <'pj,) (8) 
(B = 4, 2,... oi jp = 4,2 ---» Np) 


where ag j e bs ig 2 unknown numbers among which we may find numbers that are equal for different subscripts 
over- 


igi Ng ist all number of transitions from one linear segment of the nonlinear characteristic to another during 
the period of movement for the characteristic f g(%)- 


Equations (8) alternate for fixed 6 at discrete instants tB gewhen the corresponding argument Op first reaches 
the specified value og ip sp’ i.e., 


95 (tajg) = Spjq SP (9) 
If we introduce (8) into (5), then we obtain 
Lain (Pp) yp (t) = bain + api > Mes (P) Y; (2) (tojn 4 <t< tig) 


S=1 (10) 
(B = 4, 2,..., m5 jg =4, 2,.. Np), 


where 
Loi, (p) = N (p) — 453, Mos (p) = p™ + Apigi P™ + «-- + Apign, 
Asiga = Va — Apjg Mapa (q=1, 2,...,2). 


Here and throughout, the prime associated with the summation sign in (10) denotes that the term 6 = B is 
omitted for summation, 


We shall introduce the periodic pulse time functions yg ip (t) with the period T,that are determined by the 
equations 


Yp;, =0 for wl + ta <t< lajg—1 +vT, 
Lig P)-Uhig = Frig + Mr 3) Man) Yay (0 
=] 


for: vT’ + tajg-t <P < by; + vT, 


(v = —oo,..., —1,0, 1,..., +9), (11) 


where y 6 j g(t) is a pulse periodic time function with the period T; this function is equal to yg(t) for vT + 
tBip-, <¢ < Big + vT, and is equal to zero outside the limits of this interval of the period. 


If the solution of Eq, (11) is expressed in the form of a Fourier series, then we obtain 


cain = is,t _ 2a 12) 
Yoin (t) ix ae Apinr © («= T r), ( 


rw 
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9) 


10) 


11) 


(12) 











where® 
woe M 5g (is, ) 
An iqr wisn Qs, >} Dp;, (i,) (is, ) Ws igr + Naser? (13) 
and 
ME Lp ig (%8,) 
Agigr = r{ Se A 
Br T Pa) Bigl Lj, (is,) 
— wer Meng (is,) bp 
wat . Bbq \""r B —is, tas, 
ap nf; : — > : eT Pig—1 
In» (is,) 
Bigk \""r 
Hee, ee 
T 2 Bjg2 Lp;, (+8,) 
m n—2 b.: 
i M 65q(!5,) Big —is, ta; 
—[@ Big > >) "ina Lp;, (is,) ~~ is, Dg; (is,) \\e *B (14) 
S=1 q=0 2 
where 


lpign (is,) —_ (is,)”** + Apig1 areo tenet Apjgn—k—1, 


n—q-—2 n—q— ° + 


Mang (tSr) = pps: (és;) + Ppse (isp) - + Pptn—q—1- 


In the formulas (13) and (14) we have adopted the following notation; & ¢ ipt is a Fourier coefficient of the 
periodic pulse function ys ip (t); 


k k 7 . 
n Bias’ "Bias are the discontinuities in the function y a? for t = tBig-s and t = ‘Big: respectively; 


q re the discontinuities in the functi oda t=t and t= tgia, tively, 
Bipys 18582 a oO s on Yi ) for Bjp-t t= tg ig» respec vely 
Equations (13) make it possible to determine the Fourier coefficients ag j,r, provided only that we know all 


the Fourier coefficients agjgr (6 # 6B), These coefficients can be determined from Eq. (10), but for this burpose 
it is necessary to specify the sequence of “switching” instants for the various nonlinear characteristics; this appreci- 
ably complicates the problem of determining the periodic solutions of the equations of motion (5) in the general 
case of piecewise-linear characteristics (8), since the number of variants or types of possible periodic solutions in- 
creases radically as the number of nonlinearities increases, 


Such difficulty does not arise in the case where all the nonlinear characteristics are relay characteristics, In 
fact, for relay characteristics all angular coefficients are equal to zero; 
ag;, = 0 (B = 1, 2, ../ 5 msi ig =1, 2,..+, Ng). (15) 
In accordance with (13) there is no need to compute the Fourier coefficients Sig when (15) applies; there- 
fore in this case there is no need to specify the switching instants for the various nonlinear characteristics, 
We shall study this case in greater detail, 


3. Determining Periodic Movements in an Automatic Control Systems with Relay 
Characteristics 


In the case of relay characteristics formulas (13) and (14) yield the following result when (15) is taken into 
account: 








ay My (is) tr tajg— my (is) — tay | 
AB iar we rd [ ms N (is,) ° Ten Thin 2 Wiis,) Mie (16) 
=0 


* The derivation of formulas (13) and (14) is performed in section 2 of the Appendix. 
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where 


Substituting (16) into (12), we obtain 
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b : 
B — ae —is, tn; 
ip (e “r ‘Bip-t_ Rip) 

















ny (is;) = (is,)*** + v, (is)? +... + vn 


n—1 
Yp;, (t) = D) (Re (t — tiga) Mf, + Re (t — trig) 1h;,01 
k=0 








(17) 
i ") <= 
+ [Ra (¢ — tpjg-1) — Rn (t — tpjg) +9 (to5, — tajg—1)| Doig» 
where 
i ~ ad (is,) is,t i _ er’ 
RO=-7— Dwey?' ) AT DY aN)” (18) 
==—-00 oa 
Introducing the matrices 
Ypig (2) "big 1 
Yg5, (t nh; 
ein | Yi, (2); BY = Yip, (tojg—1 + 0) = AY ajo, 
vs5, WBiat 
"pjgs 
"hj 2 
‘ P itil Y big (tp, —0) = AY pig; 
"aig 
Ro (t) R; (®) ..- Rai R, (t) 
Ro) RQ + Rei) iggy. [RO Hs wy; 
RE? (@ REP}... REP © RY (0) 
4 
vr (tpjg Pie tpjg— 1) 
0 = Thign, 
0 
the solution (17) and its derivatives up to the (n — 1)-th derivative can be written in matrix form 
Yopjg (t) = S(t — tpjg-s) AY pign + 5 (¢ — tpjg) AY niga 
19) 
+15, (€ — tags) — 5S, (¢ — taig) + Trign] Opis. . 


In accordance with the definition of pulse periodic time functions Ygjg(t),a periodic solution of Eq. (10) is 
obtained by the direct summation of these functions, For the case under study we have 








18) 


19) 





Np 
Ya (t) = >) SE — tpig_,) AV bigs + 5 (¢ — taj.) AY pin, 


ig=1 
+ 1S), (t — toigs) — 5, (¢ — tpig) + Tpignd Dogg) 
(B = 4,2, ... 5 a), 


(20) 


The unknowns in (20) are the switching instants tg;, for all the relay characteristics and elements of the 
matrix-columns SYgjgy, SY8jgg. In order to determine them we shall use the conditions governing the transi- 
tion from one segment of each nonlinear characteristic to the other; in particular, we shall make use of Eq. (9) and 
the continuity conditions for Yg(t) when t = tej B° 


First we shall take the continuity conditions for Yg(t) which on the basis of (20) yield® 
Np 
Yq (tein + 0) — Vg (tasg —9) = D>) (15 (tp; + O — toys) 
ig=1 
—S (taj, — O — taygs)] AY pyr + IS (tpjg + 0 — tpg) 
— 5S (taj, — 0 — tpy)] AY py gs + 15, (tpg + O — toyg_s) 


— S,, (taj, — 0 — tayg_s) — Sy (tig + O — toy) 
+5, (taj, — 9 — taza) ] Baja}: (21) 


Taking into account the known properties of the matrices S(t), S(t) [3} 


S,(t+0)—S,(t—0)=0 forany tf, 
S(t +0)—S(t—0) =0 for t+ vT, 
(v=0, +4, +2,..".). 
S (wT + 0) — S WT — 0) = E, 


where E is a unit matrix, we obtain 


AY pig st. = AY pins = 0 
or 


AY aie =e AY bigs (22) 


from (21), 
Substituting (22) into (20) and taking into account the fact that during the periodic movement 


AY png+1.1 = AY 1.15 


we obtain 


Na 
Yp (t) _ bc [S,, ( Ea tajg_s) = S, ( peat tain) + T'pj,"] baie (23) 


7p 


=1 


(B = 1,2, .. sj as) 


after appropriate cancellations, 


Thus in the relay case the periodic solutions are expressed exclusively in terms of the unknown switching in- 
stants tg jg; to determine these instants it is sufficient to require that conditions (9) be satisfied, 
*Here jj, are used to denote those subscripts jg according to which the summation proceeds in the formula. 
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Assume Mg & denotes the matrix-row 


Mes = || Ppsnfpans - - - Bess ||, 


where HBbq are the coefficients of the operator Mg¢ (p) in (4). Then on the basis of (5b) the arguments o g(t) of 
the relay characteristics are given by formulas 


0, (t) = > Mes Y3(t) (8 = 1,2, ...,m). (24) 
38=1 
Substituting (24) into (9) and taking (23) into account, we obtain 
N35 


m 

a 1 ’ e a 
D> Mas Ds (S, (toig — tojg—1) — Sn (taig — tig) + Trignl baig = Srigsp (25) 
3=1 ig=1 


(6.a2 1,2,...,™; ig =4,2,... + Ng). 


Equations (25), which form a system of N, + Nz +...+ Nj, equations, are called the equations for the periods, 
They make it possible to determine all the unknown elements tgjg and the period T for the oscillatory movements, 


Assume tj, = 0 is taken as the time origin. Then for 6 = 1 there remain N, unknowns ty, ty,..., ny. Where 
T = (Ny. Taking the relationships 


‘nto account as well, we obtain Ng unknowns tg;,tg2,....tang (8 = 1,2,...,m) each for all the nonlinearities; 1.e., 
we obtain the same number of unknowns as the number of equations in the system (25), 


Each solution of the equations for the periods,(25), taken together with (23), (24), actually determines a periodic 
movement if the following conditions are satisfied: 


a) Theswitching conditions tgjg for all the nonlinear characteristics as obtained from the equations for the 
periods,(25),satisfy conditions (7); 


b) there are no other relay switchings except those which occur at the instants tg jg; these switchings are di- 
rected in such a way as to assure that for t = tgjg_ 4 + 0 the image point og, fg(og) begins movement over the 
segment with the ordinate bg ;,, and then leaves this segment and begins movement over the next segment at 
t= ‘Big = @, 


Mathematically,condition (b) means that if we formulate the solution o g(t) from formulas (24) while taking 
(23) into account for the elements tg ip obtained from the equations of the periods,(25), it follows that for all 6 the 
relationships 


Op (t) = Spiga sp, Big sp for *Bip-1 <<? < fais 
Op (t) = Spins sp, [ig sp for * = tpi a tajg, 
Op (tajps + 0) 5p (taj, +0) >O for Spiga sp Sig sp, 
Sp (tpjg_s + 0) op (tpjg +0) <0 for Spiga sp =Spig sp 
apply. 


The solutions of Eq. (25) which do not completely satisfy at least one of the conditions "a" and "b" must be 
discarded,since they cannot determine periodic movements of the specified type. 


From the coordinates Y g(t) of the periodic mode (23) it is easy to make the transition to the original coordi- 
nates x(t). Thus if Me is the matrix-row 


My, = || Pin Pen—a+ > «Hea |l> 
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where ue 1 are the coefficients of the operator M?(p) from (3), it follows that on the basis of (6) we have 


m (t) = 3) ME Ys (0). 


8=1 


The case where all the relay characteristics are symmetrical is of independent interest (i,e,, the case where 
we have 


fp (op (t)) = — fe [9p (t +3) 


for all the nonlinearities when the movement is periodic), 


Under these conditions the number of unknowns tg | g and the number of equations for the periods,(25), are 
reduced by a factor of 2: jg = 1,2,....Ng/2 for all 6, 


The method developed here for determining the period movements can also be used in finding forced oscilla- 
tions of a relay system with m relay elements and arbitrary linear sections, In that case the time origin |, which Is 
due to period constraining inputs is determined along with the remaining unknowns; the period of the forced oscilla- 
tions is known: it ts equal to the period T of the constraining inputs for the “fundamental oscillations,” and is equal 
to vT (v is an integer) for the “subharmonic oscillations," 


The elements of the matrix-column §Sp(t) that appear in formula (23) and the equations for the periods,(25), 
are derived from the corresponding formula (18) in the form of complete Fourier series, In that form they are de- 
termined exclusively by the coefficients v;,v2,....Y , of the operator (2) which are expressed in terms of the param-~ 
eters of the original system. 


From complete Fourier series it is possible to make the transition to the close< form of the elements of the 
matrix-column Sp(t) which is expressed in terms of the roots of the characteristic polynomial N(p). 


In the Appendix, section 3, two methods are given for computing the function R(t) and its derivatives; a) an 
approximate method based on summing the corresponding Fourier series, b) and an exact method based on integrat- 
ing a linear differential equation of the n-th order with a right side that is satisfied by R,(t). 

Appendix 


1, Proof of Equivalence for Eq. (1) and (5) 





We shall write Eq. (1a) in the following form: 


by baal (Sg) = Ly —_ b> @,,%q (k = 4, 2,..., a”). (26) 
i=1 a=l1 


Equations (52) can be reduced to the same form, Under these conditions we shall study the known relation- 
ship between the determinant N(p) and its algebraic complements [4}: 


n 


Sa, (P) = PN (P)— >) Oa sa (P)- (27) 


a=l 


Multiplying the left and right sides of the identity (27) by b,g and summing over all s = 1,2,.,.,m while taking 
(3) into account, we obtain 


bag (p) = PME (P)— DS) yg M8 (p)- (28) 


a=l1 


We now take Eq. (5a) and multiply its left and right sides by byg: 


baalp (3,) = bg N (Pp) Ya- (29) 
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Substituting (28) into (29) and summing over all 6 = 1,2,...,m in the left and right sides, we obtain 


n 


by biafp (Sa) = P >) M8 (p) vs — >) Qne »> mMé (P) ¥p 


Bal B=1 a=1 R=1 
or, taking (6) into account, 
m n 
> bxafp (Sp) = *e— >) Sra%a (30) 
B=1 a=1 


If in (30) we assign all values from 1 to n to the subscript k, we again obtain Eq. (26). By the same token the 
equivalence of Eq, (1a) and (5a) is proven, 


We shall now prove that Eq, (1b) and (5b) are equivalent, For this purpose we take any Eq. (1b) and substitute 
(6) into it; 


n 


o3= >) py = > Cay Dy M® (Pp) yp. (31) 


Y=1 Y=1 d=] 


Changing the summation order in (31) and taking (4) into account we obtain the corresponding Eq. (5b). 
2. Derivation of Formulas (13) and (14) 





If D is the symbol for the generalized time derivative [5], then the relationships 


oo 


Leig (D) Ypig (t) = Loin (Pp) YB ip (t) + Nig > [a"—Y (¢ — 'big—1 — vT) 


v=—00 


+ pigs 8° (¢ — tyj,_ — VT) + -- + Apjgn—s8 (t — tajg a — VPYE 


foe) 
+ Mina Dy (8 (€ —ty5, — VT) + p58" (¢ — tg; — VT) + -. (32) 


v==—o0o 


co 
+ Ap jana 9 (t — tajg— ¥T)) + + + "Bip yy b(t — th, , —vT) 


v==—00 
co 
+ Nig ay 5(¢— ‘Big — vT), 
v=>—00 


co 


M gz (D) Ysjp (t) = M g (P) Yip (t) + NBigt p> : [H4g5, 9° a) (¢ — te jg—1 — vr’) +... 
co 
+ Mpsa—r9 (t= tpjpy — YT) + 8508 >) (r4g8:8°— ¢ — tej, — VT) + --- 
+ Mpan—19 (t — te5, — ¥T)) +--+ Neigt > Pps: (t — tej, , — v7) 
v=—0OoO 
co 
+ Mbj3 Dy psd tt — tej, — VT) 
v==—00 
apply, where 5(t) is the Dirac pulse function, 
On the other hand, we also have 
co 
Lyi, (D) ¥pj,()— S\ Lpig (is,) a Bigr (34) 


r=—oo 
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(30) 


1 the 


itute 


(31) 


(32) 


(33) 


(34) 





r=—0oo 


co 
The pulse periodic function p> 8 (¢ — vT) can also be expanded into a Fourier series: 


v=—0oO 


> 8 (¢ — v7) = + >) (is, )* er (36) 
v=—00 r=—0co 
From (33) we obtain 
n—2 
M ps (P) ¥5;, (#) = > | Mos (i8,) Og5,5 — + > [ Nb pe™ons (is,) e—“*r "Big 
ey on (37) 


+ mfjga™onq (is,) rise ty 


while taking (35) and (36) into account, 


We now express the pulse periodic function,which consists of square pulses with a height bgj, and a width 
tajg — *Bip-s and is included in the second of Eqs, (11),in the form of a Fourier series; 





fos) —is, tg; vonll —ts, tp; 
- psa i e Or se 8 te, t (38) 
ip = "ein ar Di is, he 

rT=—oo 


If we introduce (37) and (38) into the second of Eqs, (11), then we obtain 


Lain (P) Ypig (t) = r 15 { Ta, y M 5 (is,) Oni, 
m n—2 
ts, tas. _. 
_ FH 2 2 Bags™ ot (4) — ro oip | ¢ — (39) 
5 b —t8, Bin) ts,t 
[2 2s whips Maga (i8,) — 7 Pip ] e ye rt. 


Substituting (34), (36) and (39) into (32) and setting the coefficients of identical harmonics equal to each other, 
we obtain formulas (13) and (14), 


3. The Methods for Computing the Function Rp(t) and Its Derivatives 
a) Approximate method, Making use of the relationship 











ays"? +. 98"? +. ... + ep 
sN s ? e 


0), 
s"t'N (s) V% 


i=1 


where di, e), are coefficients which are determined from the equations 


d, = 1, 
dy + Vid) = 


dy + Vd) 4 + oo + Vp gd, = 0, 
v0, + V4d)_, + --- + V4, +, = 9, 
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Viet HV pti_y + &n_y = 9, 





V4) - &, =, 
the function Rp(t) from (18) is represented in the form 
i 
Rat) = >) 4iPa44 (0) + Ry, (40) 
i=1 
where 
co is,t 
=> Da oe (41) 
r=—oo Pr 





R,, (t) = 4 y e, (is,)"—! + «, (is, )"* +... +e, tet 


42 
kn (i, "FN s,) 7 
r+0 
The derivatives R(X) (t) (k= 1,2,...,n— 1) can be obtained from a term-by-term differentiation of (40): 
i 
R,(t) = > 4Pnsi—_y (t) + Rw (t). £44) 


fas} 


The functions p_(t) which appear in (40), (43) and are determined from (41) are computed exactly [3], and 
the function R,,, (t) and its derivatives are rapidly converging Fourier series which can be computed by limiting 
ourselves to the first harmonic, Under these conditions the integer /is determined while neglecting the higher har- 
monics on the basis of the required accuracy with which the series must be computed, 


b) The exact method, If we apply the operator N(D) to the function R,(t) from (18), we obtain 








4 oo is,t 
N(D)R,(t)= + 2; —=prrll. (44) 
r=—0o r 
rq 


where /,(t) is a known sawtooth function with the period T. In view of the continuity of Rp(t) and its derivatives 
up to the (n—1)-th derivative inclusive, the operator for the generalized derivative D in (44) can be replaced by 
the ordinary differentiation operator p: 

N (p) R,, (#) = p, (¢)- (45) 


Integrating Eq, (45) in the interval 0< t< T, we obtain 





S,(t) =T@C+VH), (46) 
where 
eit Pat | gPa! Os | 
UW) = pre™“pre™ . . . p, eP ni! Cs | : 
SS i EE ere aes C= 
prtePst pat ePot | pl ePat : Cy | 
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Here p;, are the roots of the characteristic equation Np) = 0, and are assumed to be constant, 


The integration constants C, are determined from the condition governing the periodicity S_(t); this condition 
can be written as 


S,, (0) —S,, (T) =0. (47) 
Substituting (46) into (47), we obtain 
C=[U (0)— VU (T)}" B, (48) 
where 
{ 
ie 
B=V(T)—V (0) = 0 t (49) 
0 








After certain algebraic transformations the elements of the column (48) are reduced to the form 


C,.= = ab | : + . | 
(4— ePkT) Pr Py — Pr Pr — Pris 


(k = 4, 2.0.55 Po = Pai Pays = Py) 








(50) 


when (49) is taken into account, 


On the basis of (50) all the elements of the matrix-column Sp(t) [1.e., the function R,(t) and its first n-1 
derivatives] can be determined exactly in accordance with (46) using the roots of the characteristic equation for 
the system. 
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ON THE PROBLEM OF DESIGNING HIGH-SPEED 
AUTOMATIC CONTROLLERS FOR INDUSTRIAL 
OBJECTS 
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Translated from Avtomatika i Telemekhanika, Vol, 22, No. 12, 
pp. 1620-1624, December, 1961 

Original article submitted April 24, 1961 


A block diagram is given for a controller which reproduces an almost optimal control input under con- 
ditions where the coordinate of the control organ is bounded; the results of an investigation of the dy- 
namic properties of the controller are also cited, 


The basic problem which arises in designing an automatic controller for industrial objects is the assurance of 
its maximum efficiency of operation. This problem gives rise to two basic requirements, On the one hand, the 
efficiency of the controller operation is determined by the degree to which the law governing the variation of the 
controlled quantity corresponds to the specified law. It is from this that the first requirement derives — an increase 
in dynamic accuracy, On the other hand the efficiency of controller operation is determined by its reliability (i.e., 
by the efficiency of its elements, etc,). This is the basis for the second requirement — simplification of the con- 
troller and an increase in the reliability of its elements. 


The degree to which each of these requirements is satisfied depends on the specific conditions governing the 
use of the controller and is determined to a considerable extent by the special features involved in the technology 
of the automatized process, Therefore in the general case it is not possible to indicate which of these requirements 
is more important, 


It is possible, however, to state that for objects with unfavorable dynamic characteristics (for example, ob- 
jects with a large ratio between the lag and the time constant) the achievement of a high dynamic accuracy is 
associated with great difficulties, It is in this sense that the design of controllers which assure a higher dynamic 
accuracy is of definite practical interest. 


The Block Diagram of the Controller 





We shall study an automatic control system whose block diagram is shown in Fig, 1. The transfer function 
for the object is written as 


ke~*P , 
WO) = rp th Ter ’ * 





where k is the transfer coefficient, T, and T, are the time constants, T is th constant lag, 
Expression (1) describes the dynamic properties of a rather wide class of industrial automatic control objects. 


Assume that based on the technological conditions a sufficiently rapid displacement of the controlling organ 
is allowed, In that case the servomotor time can be assumed sufficiently small compared to the time constant of 
the object, 


Assume further that the engineering-economic characteristics of the exarnined class of objects are such that 
the requirements imposed on the accuracy with which the controlled quantity is maintained are dictated not only 
by considerations of safe operation of the equipment, but also by economic considerations, In other words, as the 
dynamic error of an automatic control system increases, the economic indices for the operation of the equipment 
deteriorate, Then for the class of objects under study the problem reduces to designing a controller which is optimal 
according to a definite criterion. 
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The theoretical bases for designing systems that are optimal in the sense of transient response duration are 
cited in [1-3] for typical perturbations, 


When the shape of the perturbations is complex (this is characteristic for industrial objects) the deviation of 
the controlled quantity from the specified value plays an essential part. From the point of view of the technician 
it is the most important parameter according to which he can make a judgement concerning the dynamic properties 
of the controller used on the object, 


Assume that the relationship between the deviation x of the controlled quantity and the generalized loss L is 
that shown in Fig, 2; assume also that there exists a region of allowed states of the object confined within the limits 


MQIQ% (2) 
It is obvious that the optimum mode of operation for the object would be the mode for which 
xX = X,. (3) 


However, condition (3) is not realizable from the practical point of view, since x(t) deviates from the speci- 
fied value due to the effect of perturbations, Therefore it is necessary to choose the specified value of the con- 
trolled quantity so as to avoid deviations of x(t) beyond an allowable limit. 


Thus the quality of control achieved by the controller is defined uniquely by the shaded area (Pig. 2). 
Therefore the criterion under study can be written in the form 


T 
I {(¢)| = lim + \ 2 max— = lat, (4) 


where /is a coefficient that characterizes the variation of the generalized loss when the controlled quantity changes 
by one unit, x(t)nax is the maximum deviation of the controlled quantity, T is the integration period, 


From Fig. 2 it follows that the criterion (4) is satisfied in the optimal manner by a controller such that x = X49; 
this corresponds to the optimum mode of operation for the object, In that case x(t)ax — x(t) = 0, Therefore an in- 
crease in the dynamic accuracy of the automatic control system is associated with the minimization of the func- 
tional (4), 


One of the effective methods for minimizing this functional is the 




















a r use of a controller with optimal speed of response, Here it is important 

Ey / to assure a transient response with a minimal deviation of the controlled 

é quantity, In duration the transient response may differ appreciably from 
Red 9 the optimal duration, This makes it possible to achieve a substantial 
simplification of the controller block diagram by avoiding the use of a 


Fig. 1. Block diagram of the auto- ee 


matic control system. 1) Controlled Figure 3 shows the block diagram of a controller which achieves 
object; 2) controller; A) perturba- almost optimal control, When a signal x appears at the input to the con- 
tion; #) control signal; x) deviation troller the relay 6 is energized through the amplifier 5; the relay in turn 
of the controlled quantity. triggers the pulse generator 7 and the time-specifying unit 8 that consists 


of a controlled time relay. A time-specifying unit switches on the servo- 
motor 11 by means of the relay 9, and the servomotor displaces the controlling organ to one of the limiting posi- 
tions (depending on the sign of the signal). 


The time t, during which the controlling organ is in the limiting position is determined by the sum of the 
error signal and its first and second derivatives; this sum is applied to the amplifier 4. The position of the control- 
ling organ after the pulse & has been responded to is determined by the magnitude of the signal at the output of the 
integrating section which is connected for a time t by means of the switch K, The signal corresponding to the 
position of the controlling organ is applied to the coincidence network 12 and is compared with the signal at the 
output of section 10, The coincidence network is designed in such a way that when its input is subjected to signals 


that differ in absolute magnitude its output produces a signal that permits the operation of a time-specifying unit, 
When the signals at the input of the coincidence network are equal the signal at its output is equal to zero, In that 














ij zero, 



































t 


control system. 





case the servomotor {is switched off, since the time-specifying unit ceases to operate, The repeated connection of 
the time-specifying unit is achieved by the pulse generator 7 which operates until the signal x becomes equal to 


Fig. 2, Figure illustrating 
the determination of the 
criterion for the dynamic 
accuracy of the automatic 





Thus the controller under study is a nonlinear controller of the discrete type 
in its principle of operation; its speed of response is assured by the rapid displace- 
ment of the controlling organ to one of the limiting positions, followed by a stay 
in that position during a definite time that corresponds to the deviation of the con- 
trolled quantity and its first and second derivatives, followed finally by the return 
of the servomotor to the position which approximately corresponds to the equili- 
brium state of the automatic control system. 


The Dynamic Properties of a System that Incorporates a Con- 
troller with a High Speed of Response 








Figure 4 shows graphs of the transient responses for step perturbations; these 
graphs were obtained by simulating an object with a fast-acting controller of the 
type described above, and with a linear “PID” controller, The latter was an elec- 
tronic controller of the type *ERIII-K" that is used for the automatization of ther- 
mal processes in electric power stations and has an electronic differentiator at its 
input, The parameters of the settings for the controllers were chosen to be optimal 
and were not altered when the magnitude of the perturbations varied. 


Figure 5 shows graphs of the controlled processes for random perturbations, 
The graph of the perturbations was obtained using a real object and represents the 
time variation of a boiler aggregate load, 


In accordance with the criterion cited above a high-speed nonlinear con- 
troller assures a control performance that is 1.87 times better than the control per- 
formance achieved with a linear "PID" controller, 
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Block diagram of a fast-acting controller, 1, 2, 3, 13) de- 


tecting block; K) switch which closes for a time &. 
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Fig. 4, Graphs of the transient responses, 1) Automatic control system with 
a fast-acting controller; 2) automatic control system with a *PID* controller, 


The parameters of the object were: T, =T, =20 sec, T=10 sec. 
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Fig. 5. Graphs for the variation of the controlled variable for a random perturbation, 
1) Perturbation (load variation); 2) automatic control system with a high-speed con- 
toller; 3) automatic control system with a "PID" controller, Object parameters; T, = 
T, = 20 sec,T = 10 sec, 


























CONCLUSIONS 
1, The use of a performance criterion that takes into account the relationship between the dynamic accuracy 


of the controller and its economic efficiency proves the basis for designing a controller which a) is almost optimal 
with respect to speed of response, and b) has a simplified block diagram. 


2. A high-speed nonlinear controller which forms the control signal from the sum of the controlled-quantity 


deviation and its derivatives assures an appreciably better control performance than a linear “PID* controller for 
either typical or random perturbations, 


1, 


2, 


3. 
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DETERMINATION OF THE ECONOMICALLY EXPEDIENT 
DEGREE OF IMPROVEMENT OF SOME AUTOMATIC 
CONTROL DEVICES 


Yu. E. Efroimovich 


(Moscow) 

Translated from Avtomatika i Telemekhanika, Vol. 22, No. 12, 
pp. 1625-1637, December, 1961 

Original article submitted March 22, 1961 


We examine the experimental methods which would permit us to determine,with the existing devices 
for control of stationary technological processes, what maximum improvement of technical-economic 
industrial characteristics can be achieved by improving the automatic regulator, by introducing auto- 
matic control devices for a stochastically changing uncontrollable but measurable value, by choosing 
an optimum regime of operation for the regulator, We show how to evaluate the maximum capital 
investment in designing devices for the solution of each of the above-mentioned problems. A solu- 
tion to the problem of determining the economically expedient degree of improvement of a control 
device is formulated, 


Formulation of the Problem 








At present we evaluate the technical-economic effectiveness (TEE) of new or improved automatic control 
devices by comparing the operating characteristics of the aggregate for the existing and the new devices, Usually | 
this evaluation is performed after the device has been developed for use with the industrial aggregate; we then 
often discover that the additional effectiveness of using new and highly perfected devices is insignificant while the 
period of time required to amortize the capital investment is greater than the allowed time. 


Under the existing methods of technical process control many physical quantities are not automatically con- 
tolled, Naturally their values, as a rule, do not satisfy the conditions required for obtaining optimum technical- 
economic production characteristics (TEC), In connection with this we should determine for every nonregulated 
magnitude the maximum improvement in the TEC of production associated with the creation of automatic control 
devices for this magnitude and also with the optimization of the mode of operation of the proposed automatic regu- 
lator (AR), It is also useful to determine the economically feasible degree of capitalization associated with the 
creation of the new control device. 


It is desirable to obtain the above information prior to the organization of the work on automatic control. 
This may be done by using the existing methods for studying the control of technological processes, 


The uninterrupted progress in the theory and methods of automatic regulation and control necessitates a 
periodic (after five-ten years) examination of the expediency of modernizing or even replacing the existing auto- 
matic control devices with more perfected controls, 


An important practical role will be played in these decisions by methods which permit us to determine the 
maximum improvement in the TEC of production associated with the absolute perfection of control devices for 
each physical magnitude associated with a process, 


We must also determine beforehand the improvement in the TEC of production resulting from each improve- 
ment in the circuit or construction of the automatic control device,and the economic justification for the improve- 
ment of each of these devices, 


In this article we will examine several approximate solutions for the problems which we have outlined above. 


1486 





1 
gu- 


= 


ye- 


ve, 





The final goal in the development of new and improved control devices for technological process is the im- 
provement in the quality and type of control, We wish to; 


a) improve productivity, 
b) economize on the raw materials required, fuel, electrical energy, etc., 
c) cut the cost of the final product (cost per unit product), 


We also find that it is very important to improve the quality of the final product, lengthen the period of service 
of articles manufactured from the final product, improve the product so that it can withstand greater loading and 
more rugged use, etc, We would also like to decrease the capital outlay required for the machinery and plant in- 
volved in the manufacture of each product unit, decrease the expenditures for fuel, material, etc., per mean unit 
period of service of the product, improve the accuracy of the automatic control system (ACS), improve the produc- 
tivity of labor, etc, 


In this study we will examine questions *a", “b",and "c" listed above; these are associated with the improve- 
ment of some ACS, 


Our study is limited to cases where random processes associated with the steady state affect only one physical 
quantity, these changes being characterized by basic stochastic variations; alterations in the other quantities do not 
affect the TEC of production, We also examine objects for which we can continuously measure the values of the 
TEC of production either directly or indirectly, 


1, The Concept of the Ideal Automatic Regulator (AR) and the Maximum Effective- 
ness Obtained by the Improvement of Existing Automatic Regulators (AR) 








In order to solve the problems which we have outlined above we must first define the ideal automatic regula- 
tor (AR). 


We will consider an ideal automatic regulator to be one which, when perturbatious of any amplitude act upon 
the regulated object, instantaneously works out the required regulating action, It is obvious that with an ideal AR 
the regulated value of the magnitude will always coincide with the given or desired value, 


Let us assume that with an ideal AR the productivity, the expenditures for fuel and electrical energy and the 


cost per unit product are given by 1;4, Wyq and Ciq. Let us use the letters Il, W and C to denote the corresponding 
quantities for existing types of AR, 


If we consider liq, Wig and Cig to be the limiting quantities, that is the values in the ideal case, then we 
can compute the maximum TEE of the existing AR by determining the following: 


87 = Ig — H, — 6W = Wg — W, — 0 =Cy —C. (1) 


The introduction of the concept of the ideal AR has the same meaning as for example the introduction of the 
concept of an ideal efficiency of 100% to be used as a standard in evaluating the efficiency of actual machines and 


aggregates, 


2, Technical-Economic Indices to be Used in Evaluating the Operation of Ideal and 
Actual Automatic Regulators (AR) 








Let us assume that the given or desired value of the stochastically changing controlled magnityde 


X = Xq (2) 
assures the optimum required complex TEC of production (x), (x) can be, for example, the minimum cost C of 
the unit product, Thus we can find the value of ® either directly as a function of x or by means of other magni- 
tudes Fj(x) which in turn are functions of x and which characterize the course of the process and its TEC. F, may 
for example be the value of the productivity I, the efficiency n , the input energy P, etc, Obviously the optimum 
values of the index (minimum value of C) and of the F; (i.¢., Il,” , P,...) may differ from their maximum values 
Fi max: L¢., from Dinaxs 1 max Pmaxe Cte. 


In the control process the values of x deviate from Xai these deviations are compensated for by AR. If for the 
process under control we can obtain the probability distribution W(x) experimentally, then we can calculate the 
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mathematical expectation of the regulated magnitude 


foe] 





M [{z] = \ rw (x) dz (3) 
and the root-mean-square 
Nels = / \ x*w (x)dz. (4) 


Therefore Xms > M[x]. 
Variations in x result in changes in the values of the functions F;(x) and in the indices (x), 


If the statistical characteristic F(x) is a lincar function (line 1, Fig. 1) then to the value x = M[x] there cor- 
responds the function F(x) = Pra’ In this case as x deviates from M[x] for any probability distribution ,w (x) is given 


by 


M (F\ =\ F(z) w(z)dz = Fig (5) 
0 


The mathematical expectation will coincide with the value F(x) = Fra’ 


If the statistical characteristic F(x) is a nonlinear function of x (curve 2, Fig, 1) then the value x = M(x] will 
correspond to the value of the function F(x) = Fjg. In the control process when x, = M(x] then in the general case,* 
the mathematical expectation will be given by 


M [F} ={ F (x) w(x) dz < Fig. (6) 
0 


The greater the curvature of the characteristic F(x) in the vicinity of M[x] and the larger the dispersion D[F], 
the larger the differential 


8Fig = Fig— M FI. (7) 


Of the three distribution functions for x shown dashed in Fig. 1, we will obtain the smallest deviation 6 Fj, if 
we use a distribution approximating the normal distribution (curve 3); the largest deviation will be obtained from 
the distribution characterized by curve 5, 


Therefore we should examine the following associated values of the indices F(x) and regulated magnitudes x 
(Fig, 2): xg and the value Fjq which is associated with x, on the statistical characteristic; the mathematical expec- 
tation M[x] for a stochastic perturbation** and the corresponding value Fjg; the mean value M[F] occurring in the 
contre! process and the associated statistical characteristic xp; the optimum value FX) and the asociated value Xp, 
etc, 


Thus in the control process for a given or desired value x, the ideal AR would ensure that we obtain P(x) = Fig 
while in the most general case the real AR would, under these conditions, assure a value M[F] < Fy4. 


If F(x) is a linear function then, as a result of the product properties or of the type or course of the process, 
limitations are imposed upon x and F(x), The dispersion of the values of x or F(x) determines the choice of Xp and 
by perfecting the AR we can decrease D[x] and D[F],and improve the TEC of production, 


Thus for examole the amount of supplementary expensive elements that are added during steelmaking is de- 
termined in accordance with the requirements outlined in the GOST, there is a lowest, x,, and highest, x», permitted 
* If F(x) has a minimum, then M[F] > Fig If the derivative (dF(x)/dx) has a minimum when F = Fextrem, then 
either M[F] = Fig or M[F] >x Fig. 
** In the general case M[x] # xg. 
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percentage of these elements in the metal (Fig. 1), Usually we base the chemical control process on the value 
M[x] = 0.5 (xq + Xg). If we were to decrease the error involved in the measurement of the actual amount of a given 
element in steel and also the error involved in the weighing 
of the correcting supplements and study the amount that is 
destroyed in the oven then the stochastic variation in the 
amount of supplementary material in the final steel product 
is characterized by D[x]. 


wit), Fiz) 


Under these conditions we can insure that < 05° 
(Xq + Xg) and get as the cost price of the steel, M[®] < 0.5 * 
[2(x4) + @(Xg)). For D[x] =€, as€ +0, M[®] = ®(x;,). 


When no limitation is placed upon the values of x or 
F(x), by changing the AR we can ensure that M[x] = xg, then 
the conclusion reached above regarding the ineffectiveness 
of perfecting control devices for the control of the magni- 
tude x remains valid, 


3. Experimental Methods for Determining the 
Values of M[x],M[¢] and @,q for a Given AR 

















Let us examine the simplest type of technological proc- 
ess, the one where the variation of the TEC @ is determined 
by stochastic changes in only one regulated or unregulated, 
inertial or inertialess variable x, 





F(z) 
f. We can solve the problem of determining the values 
of ©; 4, M[%], M[x], ete, for X= const,in various ways. 


Fxms 
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If we can determine the function (x) (by calculation, 
correlation analysis, etc.) then knowing xg,we can find the 
value of ®,;, Then if by using experimental methods we 
can determine the distribution w(x), we can by means of 
Eqs, (3) and (6) calculate M[x] and M[®}, 
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We can also find the values of M[x] and M[®] experi- 
mentally in the presence of a disturbance if we can measure 
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where T is the period of time during which the process was observed, 


Usually the function (x) is unknown, In that case the value ;, can be determined experimentally by the 
creation of a device that will measure 


: N ‘xj N 
Oia = —)> \ @(x,t)dt, +t=>) (tej taj) (10) 


j=1 taj j=1 


for the condition 


tg— ATQtQ%y + Az. 




















Here t kj ~ "Hj is the duration of the j-th interval, T is the total length of the individual intervals in the proc- 
ess for which condition (11) holds,and Ax is the allowed deviation of x from Xg (from the error conditions involved 
in the determination of %;4). 


The physical meaning of Eq, (10) and conditions(11)isas follows, Depending upon the fact of whether x has 
inertia or is inertialess during the change process, if during the time interval ty; 5 tj = t,; when x, - Ax SxSx,+ 
Ax,the value of the TEC (x) must lie within the limits ian Ae's os Siat Oo*, As Ax +0, A" +0 and 
$+ 

id: 


x, +Ax 


The greater Ax the greater the probability \ w (zx) dz = - of the occurrence of the event of interest 


Xg—Ax 
8 
to us {characterized by Eq, (11)] and the greater the deviation of @ from 9% 4. 


The methods outlined above may be successfully applied to determine the maximum TEE if we introduce 
automatic regulation of the stochastically changing magnitude x; where the magnitude x although presently being 
measured is not as yet subject to regulation, In order to apply the methods outlined above to determine the TEE we 
must first determined M[x] experimentally, using Eq. (8), We will then investigate the TEE of automatization as- 
suming that the AR will insure the attainment of the required data given by M[x]. Under these conditions, the maxi- 
mum expected value of the TEC, ® = ©; 4» which will be obtained as a result of the automatic regulation of x can 
be found from Eq. (10) if we place upon x the restriction 


M |x| — At G2 <—M jaz) + Az. (11") 


The difference 


60, = O ,y— M [OD] (12) 


characterizes the maximum expected TEE for a perfect AR when the given x, established by the AR remains un- 
changed, Equation (12) also permits us to determine the maximum TEE which can be obtained as a result of the 
application of an ideal AR for an unregulated value x when the data established by the AR will be equal to M[x] 
where M[x] is the experimentally-obtained value of the mathematical expectation of the nonregulated magnitude x, 


4. Determination of the Maximum TEE Obtained by Means of Process Optimization 
Using the Existing AR, and Comparison of this Maximum TEE with that Obtained with 
the Use of the Perfected AR 











In the general case the desired value xp,which is maintained by the AR,or the existing mathematical expecta- 
tion M[x] of the nonregulated magnitude may not correspond to the optimum TEC Mg]. Under these conditions 
we would then consider it advisable to determine the following. 


I, A. What maximum improvement in the TEC could be obtained by finding and using an optimum setting 
for the existing AR? (This optimum setting to be determined by any available means,} 


B. What further maximum improvement in the TEC would be ensured by the use of an infinitely-perfected AR? 


C. What would be the total TEE obtained as a result of the simultaneous fulfillment of conditions I, A. and 
I, B? 


Il, What maximum improvement in the TEC could be obtained by using an ideal AR with an optimum setting 
where this control would be applied to a magnitude which is not being regulated at the present time. 


In order to solve the problem outlined in paragraph I, A. we must first determine the response of the existing 
AR to several given settings; by determining the response to each of many settings [Xg = const (k = 1,2,,..)] we can 
then, by means of Eq. (9), determine the value of M[®] associated with each setting, In this manner we can deter- 
mine the character of the change in M[®] and find the optimum values x» and Mg (see curve 2, Fig. 3). 

If for Xgk = Xp. We can by using (10) and (11) determine ;4,then this value will correspond to o(X) (see Fig. 
3), In the general case,where the given or desired value is x,,the corresponding Mp[®] and a may not coincide. 
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In this manner we can solve the problem outlined in paragraph L. B. 


We can then calculate 


sD, = M,(O] —M [QV], (13) 
dM, = Of — My [O), (14) 
80, = OF” — M (9). (15) 


Equations (13) and (14) characterize the maximum TEE obtained when the conditions indicated in paragraphs 
I. A. and I, B, are fulfilled; Eq. (15) gives the maximum value of the TEE obtained by optimization and perfection 
of the AR. 


In many cases the methods outlined above for determining ®, , permit us, without interfering in the work of the 
aggregate and without changing the setting for the existing AR,to find the optimum mode of operation and the 
optimum conditions where x is the automatically regulated or nonregulated magnitude, The possibilities involved 
in the above outlined method of finding x, are based upon the assumption of stochastic deviations (x) from Xq or 
M[x]. 


The method of finding x, for the case where, for example,x is a nonregulated magnitude reduces to the fol- 
lowing. 


We determine experimentally the values of Xm jn 2Nd X_,4, for stochastic changes in x, We then choose sev~ 


eral values Xok and xok (k = 1,2,...) which satisfy the condition 


in < 2gk<- + <p <M It] <ay<,...,<age<zi. - (16) 


max 
Then we must, without changing the mode of operation of the aggregate, experimentally determine, using 
Eqs, (10) and (11"),for each of these values of x the associated values of © CBr, of oD, ou (k = 1,2,...). 


If analysis of the character of the function $44 (Xgk) which we obtain shows that 
Tok < %y< Bk, 
then for the corresponding Xgh We can obtain more precise values of x, and of) by the method indicated above. 


If we assume for the nonregulated magnitude x that 5%, = Sos, then b ost Eqs. (13)-(15) we can for this mag- 
nitude also determine the maximum TEE obtainable | by using the AR and optimizing the process, 


If for example Xp > X max-then we can in this manner determine for the nonregulated magnitude x only the 


(x) 


value CBW < @y “,where x*, < Xmax (see Fig, 3), If x is an automatically-controlled value, then if we establish 


gk 
a new mode for the AR given by xok we can continue in our search and find x». 


The application of digital differential analyzers permits us to simultaneously determine the value of 4 for 
the entire range x, < X < Xmax and thus to basically accelerate the search process, 


The duration of the process is limited only by the time required for the stochastically changing value of x to 
fall within the established limits Xgk — Ax Sxs Xgk + Ax. 


If for a constant setting xg = const, the values of 


tej 
x | O(z, ) de =1,2,...) 


taj 


@ .o2t ae 
id tag — ny 


obtained for the various intervals are equal,then the existing variation in the TEC is determined only by the stochasti- 
cally changing deviations of x from xg. However a substantial difference between the values of #q for adjacent 
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intervals of the process indicates that the TEC being studied depends upon the stochastic changes in a series of mag- 
nitudes, In our next paper we will examine the more complex process. 


The method described above may also be used to analyze processes in which limitations are imposed upon the 
allowed values of x or F, 


Assuming that due to technological considerations the limitation x = x,,,, has been imposed upon the con- 
po 
trolled magnitude x, for existing AR this limitation is satisfied when \ x w(x)dz = M (zx) (see curve 3, Fig. 3), 
“oo 
Under these conditions only a perfected AR, designed to decrease the magnitude x, ,, — M[x], opens up the possi- 
bility of improving the TEC of production, The expected improvement of the TEC of production can be calculated 
from Eq. (13). 


In a series of cases when the conditions x ms = Xmsg OF F = Fg, etc., are fulfilled we were able to improve 
our use of oven transformers (during heating), the inputs provided, and we were able to stab{lize the amount of fuel or 
electrical energy supplied to the aggregate and therefore to improve the TEC of production. 


The use of the simplest calculating devices or computers [1] has enabled us to correct the setting of the AR 
by means of the conditions t t 
\(et— apg dt>0, | (F —F,) dt 0, 
0 0 
these enabled us, even for existing AR, to satisfy the conditions x, = Xmsg* M[F] = Fg, etc. 


(17) 


5. Calculation of the Maximum Permitted Capitalization to be used in the Improve- 
ment of AR or ACS 


After the initial values that are to be used in Eqs, (12)-(15) have been determined experimentally we can cal- 
culate the amount of the product 7 produced during the year for the existing automatic control system (EACS) and 
for the perfected automatic control system (PACS), and also the maximum yearly economy in fuel, electrical energy, 
etc, 








On the basis of the data we can for equal quantities of production reduced to ™;q calculate for the EACS and 
the PACS the corresponding values of the annual production cost (C and C, ,) and we can also determine the amount 
of additional (supplementary) capitalization MK required for the PACS as well as for the EACS for a change in pro- 
duction from ™ to ™ iq. 


If the ideal AR of PACS for a certain production volume denoted by 7; 4 will assure an economy of oW Kilo- 
watt hoursin electrical energy and oG tons of fuel per year then we should take into account the capital expenses 
AKp inthe branches of industry associated with the construction of electrical power stations or with mines which are 
producing the above indicated amount of electrical energy, fuel, etc. 


If we eliminate from the actual amortization time the time T, required for the associated branches of industry 
(given and considered), then we can determine from our economic indices the maximum allowed size of the addi- 
tional capitalization of.the perfected AR of PACS 


K g= OK + AK, + (C —Cig) (4 — 0.012) 7, (18) 
where a is the amount of the amortization deductions.” * 


It is obvious that for actual conditions we cannot as a result of improvement of the AR or of optimization of 
the control processes reach the maximum indices which would be reached with an ideal AR or under ideal conditions 
existing with the optimum modes of operation, 


6. Methods for the Approximate Evaluation of the TEC of the Aggregate when an 
Improved AR is used 


By comparative study of the existing and proposed AR we can estimate the improvement in the control quality 


that would ensue as a result of the various degrees of improvement, of increased complexity,and of increased cost 
* In conformance with [2], for most branches of industry T, = 3 to 7 years, 


** The coefficient a was introduced following the advice of V, M. Dobkin, 
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of a proposed, improved (perfected) AR. We can conduct such an investigation by modelling, by combining the 
mathematical model of the object with the model of the proposed AR and with the existing AR, or by other means, 


With the aid of known methods we can determine the probability distribution function w(x) experimentally, 
using an existing AR on an industrial object. 


For a steady, smooth technological process a relationship must exist between the probability distribution func- 
tion w(x) and the quality of the control process of the practicable AR regulating the magnitude x. If this relationship 
can be established then, assuming that there are indices for the control quality of the existing and proposed AR, and 
also that we have experimentally obtained the function w(x) for the existing AR, we can determine the function w x ) 
for the proposed AR and find the change in the TEC. 


Let us consider the simplest example, Let us assume that by perfecting or improving the AR we can change the 
quality of the regulation process for the variable x so that when a disturbance or perturbation occurs the curve giving 
the change in x due to the regulation process is compressed in half with respect to both the time and magnitude of the 
deviations (Fig. 4). We then get 

Xm _ Xim _ 4 _ ‘pi _ o 


Xm im %& tye 
Let us also assume that the experimentally obtained histogram of the distribution f(x) for the regulated magni- 
tude, regulated with the existing AR(shown as Curve 1, Fig, 5) has a symmetrical form, The dependence of the in- 


dex ®(x) shown in Curve 3, is symmetrical with respect to M[x]. We wish to determine the effectiveness of the pro- 
posed improvement in the AR. 


If it is known that after reacting to each perturbation or disturbance the AR is passive and awaits the next dis- 
turbance then we can represent the histogram of the distribution f(x) for the improved AR by Curve 2, Fig. 5, where 
co 


b= 0,5 a, Ix, — Mx] | = ab= 0,5aa = 0,5 Ix, — M[x] | é fore +1) = 0.5 f(a +4) Sos = tu + 0.5 > 2h; (a-+1)> 
where & = 1,2, a= 


Assuming a histogram for the f(x) distribution and a dependence (x), it is not difficult to construct the corres- 
ponding histogram of the index distribution ® for both regulators. In Fig. 5 these histograms are represented by Curve 
1" for the existing AR and Curve 2° for the desired or proposed improved AR. We can now calculate the mathematical 
expectations M[®,*] and M[®_*] shown in Fig. 5. The difference M[®,*] — M[%,*] characterizes the improvement in 
the TEC under study associated with improvement of the AR and a — M[®2"],the improvement in the TEC associ- 
ated with the transition from the improved AR to the ideal AR. 


On the basis of Fig. 5 we can come to a series of important conclusions regarding some peculiarities of the 
(x) distribution, 


1. In the general case the distribution curve of the TEC ®(x) is unsymmetrical. 


2. The maximum value of @ in the distribution curve of the index @(x) is $,,,,. It cannot exceed a), 


3. In accordance with paragraph 2 we find that the mathematical expectation M[®] < a), 


On the basis of these conclusions we can propose another method for experimentally determining the expected 
effectiveness of an improvement in the EACS based upon a study of the distribution curves w[®] which takes their 
characteristic properties into account. The advantages of this method of investigation are that the length or duration 
of the study are decreased and also we obtain more complete information regarding the TEC of the process under study. 


The essence of this method consists of studying the (x) distribution. If the mi) distribution includes the value 
of x9 then the maximum value of a) which may be obtained experimentally is a and the probability of obtaining 


this value is greater the larger w(Xxp). 
This situation is illustrated in Fig. 6. For a choice of Xg corresponding to curves 1 and 1", 9, "max < HX) 


Changes in Xg which insure a probability of observing a value of x = xX», equal to w(xg) 4x > 0 (characteristic 
distribution curves 2, 2° and 3, 3"), permit us to obtain the value ®,,,,, = a), An increase in Xg (operation corres - 
ponding to curve 3) leads, when compared to an operation corresponding to curve 2, merely to an increase in the prob- 
ability of observing the value $,,,, = ® ,. 
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7. Determination of the Economically Expedient Limits of Improvement of a Control 
System 
As a result of the improvement of AR or other control devices we might be able to improve the TEC of produc- 


tion by an amount 611, 6wW, 5C, etc,, as outlined above dil < dilyq, 6W = 5Wyg, etc. The economically per- 
missible capitalization that is available for the improvement of each AR or other control device is Kpr < Kid: 
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Let us assume that we have with the aid of the 
methods outlined above determined the value of K,,, for 
EACS with varying degrees of improvement and that we 
have also found the value of Kjg. Let the cost of building and establishing a certain type of EACS to Kg, and the 
cost of an improved system of this type PACS be Ky. Then if we build the PACS rather than the EACS the addi- 
tional required capitalization will be 





K = Ky nad Ko 
We will assume that the additional permissible capitalization is Kor 
In Fig. 7 we plot the values of Kpr and Kjq along the axis of abscissas and the values of K along the axis of 
ordinates, 


We will also plot the amortization time for the additional capitalization T in Fig. 7. We determine the scale 
used in plotting the variable T from the condition for the required additional capitalization K = Kid, T= T». We 
will plot line 1, The equation for line 1 is K = Kpr- Point d on the line K = Kjqg corresponds to the value T = Ty. 

It is obvious that for K = 0 and Kpr = Kjq, T = 0. On the basis of these conditions we determine the scale for T». 


If in Fig, 7 we draw a series of lines from the origin of coordinates to the points a, b,...,¢, corresponding to 
the values T = 1,2,...,T) + 1, then they will divide all the improved AR into groups based upon the values of K, K,, 
and the required amortization times T, T = K/K,, Ty .of the additional expenditures for the varying degrees of im- 
provement required for each of the improved AR, the T's being less than 1,2,,..,T)—1,...,T) + 1 years, respectively, 
The condition for an economically permissible improved AR system is T = T,. We can outline the boundaries of the 
region for the allowed values of K and Kpr by dashed lines. 


Let us assume that in developing an improved AR we consider three different qualities of the control process, 
three different variants of the improved AR, these variants differing in degree of complexity and cost, The addi- 
tional capitalization K actually required for the three variants under consideration and the limiting allowed capi- 
talization Kp, are indicated in Fig. 7 by the points P2, Py, _, and P-p g° Let us pass curve 2 through these three points 
and through the origin of coordinates, The function K (Kp) thus obtained represents the following law. Each suc- 
cessive step in the improvement of the AR directed towards obtaining values of Kpr @pproaching Kjq, is obtained by 
an expensive (significant) progressive increase in actual supplementary capitalization K and in an increase in the 
amortization time required for these increases in capitalization, Thus, for example, for the three variations in AR 
characterized by points P2, PT). and Py, for Ty = 2.5 years the corresponding amortization times for these expendi - 
tures are 1, 2,and 2,5 years respectively. If the greatest degree of improvement in the control quality and in the 
value of Kp, (in comparison with the variation of the AR characterized by the point P,) can be realized only for 
T > Ty, we can in the general case consider that a greater degree of perfection (improvement) of the AR is not eco- 
nomically expedient, 
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With the emergence of new technical automatization processes and changes in the other processes or condi- 
tions described above it might turn out that relations K and K,,, will be characterized by curve 3 (Fig. 7), In that 
case the economic justification for the limits of improvement of the AR will be characterized by the point Rr 

0 


If we replace the existing AR in an actual situation with an improved AR then the permitted value K, must 
be determined from the inequality Ky + Kna < Kprs Where Kp, is the nonamortized portion of the cost of the AR 
itself (the AR removed from the control process or the controlled aggregate), i.e., removed from the control loop, 
which cannot be usefully applied elsewhere, 


Thus, for example, if K, = 10,000 rubles, Kpr =7,000 rubles, K,, =3,000 rubles and K, 12,000 rubles, then it 
would be entirely expedient to replace the AR in a newly~built aggregate since Kpr + Ky = 17,000 rubles > Ky = 
12,000 rubles, However, this would be entirely inexpedient for an existing (already operating) aggregate in general 
since Ky + Kng = 15,000 rubles > Kpr = 7,000 rubles, 


If the improved AR could be used in a series of branches of production then the economic justification for th: 
degree of perfection or improvement (quality of control) could be determined as a result of an analysis of the im- 
provement of the TEC for several basic users, 


In conclusion we wish to remark that the solution of the important problem of determining the economic ex- 
pediency of the degree of improvement of the various automatic control devices created for the various technologi- 
cal processes requires that we developmethods of evaluating the quality of regulation in the system AR-object, de- 
termine the laws connecting the indices of the quality of the AR and the distribution laws w(x), w(®), etc., and also 
develop apparatus and methods of experimental investigation of the distribution curves of the type w(®) and the 
hypersurfaces (x;) for processes whose TEC depend upon the values of a series of stochastically-changing magnitudes, 
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FINDING THE ROOTS OF SYSTEMS OF FINITE EQUATIONS 
BY MEANS OF AN ELECTRONIC SIMULATOR, USING 
DIFFERENTIAL EQUATIONS WITH VARIABLE STRUCTURE 


M. V. Rybashov 


(Moscow) 

Translated from Avtomatika i Telemekhanika, Vol, 22, No, 12, 
pp. 1638-1648, December, 1961 

Original article submitted May 10, 1961 


An idea of Ashby [1, 3] for the random search of a structure with stable motions is applied to the prob- 
lem of finding a root of a system of finite equations by means of an electronic simulator, From the 
initial system of finite equations we construct a system of differential equations suitable for setting up 
on the simulator such that these equations have a time-variable structure with stationary equilibrium 
points coinciding with the roots of the initial system. In the process of solution a check is made that 
the conditions of the theorem concerning the asymptotic stability of the equilibrium point are satis- 
fied, In the case where these conditions are violated, a search is made for a suitable structure out of 
a certain finite set of structures satisfying the conditions of the theorem. By this method we obtain 
convergence of the process to one of the roots of the initial system, 


1, Statement of the Problem 





Suppose we are given a system of finite equations 


Ti(Ya» ++ +s Yn) = 0 (= 4,...~5 a), (1) 


having in some bounded region Dj a finite number of isolated real solutions y* = (yf ....,.y%),. The functions fj 

are continuously differentiable with respect to all their arguments, Let us consider the problem of constructing a 
system of differential equations such that all the roots of the initial system of finite equations (1) will be its asymp- 
totically stable equilibrium points, Such a system of differential equations, set up on an electronic simulator, makes 
it possible to determine efficiently the roots of the system (1), The problem of finding the roots reduces to the prob- 
lem of successively situating the initial conditions y, in the regions of attraction of the different roots, In most cases 
the phase space of the variables y,,....yp has a simple structure in the form of a densely adjoining set of regions of 
attraction of stable equilibrium points all of which without exception will coincide with roots of the system (1), In 
these cases for given initial conditions yy D,the representative point will always enter the region of attraction of 
one of the equilibrium points y* and will thereafter approach it in such a manner that after a finite time T(5) it 
will enter any predetermined 5 -neighborhood of it. For sufficiently large T(5), the values of the coordinates T(4) 
Y3(T)....» Yn(T) in the scheme to be set up may be taken as the values of the coordinates of one of the roots of the 
initial system (1), By giving different initial conditions from the region D' we can successively enter the regions 

of attraction of different equilibrium points and thus find all the roots, 


We shall construct the desired system of differential equations in the form 


“zr 


sy = Fils e+ bas Bou:01- 019 Bp) (i= 41,..., 7") (2) 


Here € ;(t),...,€ (t) are step-functions of time (Fig. 1), assuming values belonging to a certain set E, with 
€ ,(t),) = € 4(t, — 0) at the points of discontinuity; the functions F; are continuous with respect to all fy andé€ ,, 
and, in addition, for any { the equations F4(0,...40,€ ys..0€ p) = 0 and Py S,,.00F ne € greet ) # 0 are valid if at 
least one of the functions f; is different from zero, By X;,...,%p in the system (2) and throughout the following pages 
we mean the distances from some fixed equilibrium point, which, as is obvious, corresponds to one of the roots of 
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the system (1), The functions € ,(t),...,€ {t) are introduced into the right-hand parts of the system (2) to make it 
possible for them to vary stepwise depending on whether the conditions of some stability criterion for the equili- 
brium points is satisfied, 


We form a positive definite function V of f,,...,f ,, that fs, a func- 
tion which is everywhere positive except for the points f, = f, =... =f = 
ia 0, where V(f,,....5p)= 0. In a small neighborhood of the point yf,...,yf, 
where V = 0, the family V = C is a one-parameter family of closed sur- 
| faces enclosed within one another, Hereafter we shall consider 211 the 
% ; solutions of the system (2) in the region DC D* including such a point 
— and having the structure of a small neighborhood. The total derivative 
é of the function V with respect to t, by virtue of the system (2), is equal to 





aire 





dV , Ww 
_— >) 32," | Sree Prapa  & 


i=1 
(The derivatives with respect to t are taken from the left, and by virtue of the condition € ;( t) = € y(t k 7 9%» 
é = 0, i= ~ 1 eee n. ) 
{ seoes 


The point y* will be asymptotically stable for initial conditions y,€ D, if in the entire infinite interval 
[to. + @] the inequality 


V<-—W (3) 


is satisfied, where W is a positive definite function depending on the local phase coordinates x,...,X,. If the in- 
equality (3) is satisfied, the conditions of Lyapunov's theorem [8] on asymptotic stability will be satisfied, In parti- 
cular, the point x* = 0 will be asymptotically stable if the inequality (3) is satisfied for 


W =aV, a>0. (4) 


We assume that the functions F; are so chosen that for each point (x;,...,.X,)€ D there exists such a set 
€ 1,€ 9000-e€ , included in E that (3) is satisfied, Under these conditions the following method is suggested for con- 
structing the functions € ,(t),...,€ ¢(t) which ensure that the condition (3), and, consequently, the oe . asym p- 
totic stability, will be satisfied, At the initial point x, we select in an orderly or random fashion a set € (),., 0), 
for which the inequality (3) will be satisfied, Furthermore, let a solution of the system (2) continue with dines ‘fixed 
parameters up to a time t, such that from this time on the relations 


Vy =-.— W (v1 (41), . ~~ 5 In (1), 


V>—W(a(t),...,%()) a >n) (5) 


are satisfied, ) 
At the point t, we select a new set of numbers e(2).., (2 (by hypothesis such a set exists), such that for 


t > t, the inequality (3) will again be satisfied, and so on, Lyapunov’s theorem, which requires that the strong in- 
equality (3) be strictly satisfied , at the same time provides only sufficient conditions for asymptotic stability. Therefore, 
in the case where it is not possible to satisfy the inequality (3) on the whole trajectory, we may require that a weaker 
condition be satisfied, namely, the inequality 


a <0, (6) 


where the equality sign is allowable only for isolated finite intervals of time. 


Under certain additional conditions of a general nature which satisfy the requirement V+ 0 ast~+ [8], 
the equilibrium point will be asymptotically stable. In practice, in the absence of limit cycles and certain other 
special phenomena, the required decrease of the function V is guaranteed if the inequality (6) is satisfied, Here- 
after, when we construct concrete systems, besides the inequality (3), we shall also use the inequality (6), We shall 
make a search for the numbers €,,...,€ , each time that 


dV 1 
= > 0. ) 
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When the above-mentioned method of selecting the functions € ; is used, two types of trajectories may be en- 
countered, In the first place, (Fig, 2a) after switching the functions € ; a finite number of times the trajectory 
asymptotically approaches an equilibrium point without any further switching, that is, there exist fixed sets of values 
€ soe0-€ , such that the equilibriumpoint of the system (2) is asymptotically stable, at least in the small (in Fig, 2a, 
D is the region of asymptotic stability), In the second case (Fig, 2b) the number of switchings is infinite, that is, 
the equilibrium point of the system (2) is unstable (even in the small) for every set of values € ,,...,€ , belonging to 
E, or else stable in the Lyapunov sense, 


In practice, since there is a zone of insensitivity in the indicator which determines whether the inequality (3) 
is satisfied, the motion in the neighborhood of the equilibrium point may differ from the theoretical motion; for 
example, it may be oscillatory. For small values of V the amplitude of the oscillations of the function V, and con- 
sequently the amplitude of the oscillations of the phase coordinates as well, may be considerable, which reduces 
the accuracy of calculation of the coordinates of the equilibrium point, For this reason it is preferable, if possible, 
to construct systems with the first type of motion, 





Fig. 2. 


In the system instrumented on the simulator, other types of motion are possible as well, Thus, if the region 
L, bounded by the natural linearity limits of the computing elements and having the form of a hyperparallelepiped, 
can be completely inscribed in D, then it is possible for the representative point to go out to the boundary of the 
region L (Fig. 3), where a systern of differential equations other than the system (2) will become operative and the 
point x, may be found to be a stable equilibrium point, In this case a choice of new initial conditions is necessary, 
It is possible also to have a second variant, when from the point x, the motion proceeds along the boundary of the 
region L with a subsequent departure from the point x,, where V < 0, to the interior of the region, Finally, in a 
real system it is possible to have divergent motion (Fig, 4). If the condition (3) is satisfied, the representative point 
x(t) will intersect the level surfaces from the outside toward the inside, 


As a result of the inaccuracy of determining the moment of switching of the parameter values €,,...,€ , and 
the finiteness of the time required to search for them, the motion may deviate greatly from the theoretical motion, 
Suppose the switching takes place not at the point t,, where V = 0, but at the point t,. At this point V,> V,. This 
means that as a result of this motion the representative point has come out on a surface with a higher value than that 
from which the motion began, that is, the representative point for such segments of the trajectory will intersect the 
level surfaces from the inside toward the outside, The motion will be divergent, 


In all of the above considerations it was supposed that the initial conditions are taken strictly in the region D, 
where the trajectories converge to an equilibrium point, which is a solution of the initial system (1). However, for 
arbitrary initial conditions it may happen that the equilibrium point will not be a root of the system (1), Such a 
case may happen if the function V has relative minima, that is,minima at which Vv # 0, and,consequently, the equa- 
tion fj = 0 is not satisfied for all f;. It should be noted that in the neighborhood of such a point we will find an 
infinite and fruitless process of search for the numbers €,,...,€ , for which the conditions (3) or (6) will be satisfied, 
In this case we must halt the simulator and renew the search with initial conditions sufficiently far from this point, 


Here, as in the use of the gradient method [10, 11), we are faced with the problem of constructing a function V of 
f ,....F n With no relative minima, It can be proved (see Appendix) that if the Jacobian of the system (1) does not 
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vanish anywhere in the region D, then the function 


V = Afi + Asfet---t+ ee i >O0 (imi, ..., 8) (8) 


has no relative minima in this region, In the general case this problem has not been solved, 


2. Solution of the Problem for one Class of Finite Equations 





Let us consider the problem of finding a root of a system of finite equations for which the Jacobian is nonzero 
at every point of the region D, For example, such a system may be constituted by a system of linear algebraic equa- 
tions with a nonzero determinant, 


For this purpose we shall construct a system of differential equations (2) of the form 
dx; , 
a 7% A eee a (9) 


where for the function V(f;,....J ,) we take a quadratic form of the simplest type. 
, 1 ' . 
V= > (fi Tht f. 5 f?). (10) 


We shall find a function wW, satisfying (3). The total derivatives of V with respect tot, by virtue of the.system 
of equations (9) and taking into account the identity 
\. ae oie 
Oy, +2) 9%; 





will have the form 





Vue 1 fw OF 
a ~Y . 7 k 
ar = Di ag, 2 VE (B34 Jeu (1) 
im. =* ix=3 \k=g * 
It can be proved that if the Jacobian Bt ibd does not vanish in the region D, except for the solution 
Ti, +++, %y 


points x*, then at least one of the partial derivatives 8V/dx; is nonzero in this region. To convince ourselves of 
this, let us observe any point different from x*. At this point at least one of the functions fj # 0. Referring to (11), 
we can write 


n 
av + oe 0 
i, Ae 
7 k=1 t 


Considering the last system of equations as a system with a nonzero solution with respect to the variables 
f guia n and a Jacobian different from zero, we arrive at a contradiction, Consequently the equations 9 V/d x; = 0 
are not possible for all i simultaneously at any point except the point x*, where f, =f, =...=fn= 0. 


Let us take as the function W the following function; 
ov 
W = pV — 0<B6< 1). (12) 
B 3 lis (0<B<1) 


This function does not depend on t, is everywhere positive, and becomes zero at the same point as does the 
function V, that is, at the point y* or x* = 0 (in local coordinates), Furthermore, the condition (3) will be satis- 
fied if we set* 


a OU 
e=—1 signs— (i=1,..-.n). 
m; 


*signa=1fora > 0 and signa=-1 fora < 0, 
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These equations can always be satisfied by a suitable choice of the numbers (€ ,,...,€ n € {+1,-1}, and 
consequently it is always possible to have the inequality 


V<—wW. 


Thus, the problem will be solved {f as the function W we take the function (12), However, for the formation 
of the latter, in a number of problems we may require in addition a considerable number of function generators, 
particularly if the functions f; are transcendental,* It is therefore desirable that the function W should depend on 
the functions necessary for the formation of the system (9). For example, the functions f,,...,f,,%,....4%, V are 
such functions, 














Fig, 4. 





The function W can be most simply instrumented 
as a function of V, for example,in the form (4), Let us 
analyze this case, We should remark that for a suitable 
set of numbers € ;,...,€ , the maximum value of the phase 
velocity V for fixed t is given by (12) for 6 = 1 and the condition (3), in view of (4), will take the form 


Fig. 3. 
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Taking into consideration the fact that for x # 0, V # 0, we obtain 











From the last relation it follows that as the representative point approaches x® _= 0, by virtue of continuous 
dependence of the left side of this relation on X, there will arrive an instant of time t , for which 


n 


py 


€ =s] 


Vv 


aa, 


are (13) 








and for t > t the inequality sign in this relation changes direction and will not change thereafter for any set 
€ JreeenE n° 


*The partial derivatives, as a rule, cannot be formed by the summation of signals from different points of the cir- 
cuit, in view of their fundamental difference from the component f; of the function, For example, if f = In x + 

© RE 1 
tanx+b, then ba = = t+ tet 
0V/ax, In the case where f is an algebraic function, at least some of its terms will coincide to within the coeffic:- 
ents with the component terms of the function W. These terms can be used in setting up the function W. 


and thus we cannot use the component terms of the function f to form the function 
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Thus, in principle, the representative point will not reach the equilibrium position x* = 0 for any finite & > 9, 
However, for sufficiently small &, in accordance with Eq, (13), the representative point will enter an arbitrarily small 
neighborhood 5(%) of the point x* after a finite length of time T(@), which for practical purposes solves the problem 
under consideration. In practice, oscillations will appear in the system on the boundary of the small §(&) nei ghbor- 
hood. 


For a -> 0 we may encounter cases in which y will decrease rapidly, and the time T(x) will increase rapidly, 
so that a simple transition from the relation (3) to (7) may cause motions different from those observed, Thus, choice 
of function w in the form (4) practically assures convergence to an equilibrium point and consequently solves the 
problem stated, 


mm conclusion we remark that in using the function (12) it is difficult to say anything definite about the type of 
trajectory. The system (9) linearized at an equilibrium point has a degenerate coefficient matrix B. Therefore one 
of the roots A; of the equation |B—AE| =0 is a zero root, and it is impossible to investigate the type of motion 
by a first approximation, I most of the suitable cases, if it is possible to select a set €4,...,€ , for which the real 
parts of all the remaining roots are negative, then as is shown by experience, the motions will nevertheless be of the 
second type, since in this case we usually have only stability in the Lyapunov sense, 


3. Solution of the problem Using the Criterion V = 0 





Im the statement of the problem it was remarked that the condition (3) is too severe and is not always satis- 
fied, At the same time, this condition is only a sufficient condition, ft is therefore expedient to construct systems 
of differential equations in which for most of the conceivable situations it is possible to select sets of numbers 
€ qeeeen™ r for which 


n 

dV ov 

T= DEP fy Ov -&) SO. 
=1 


In most cases in such systems we have convergence of the process, Let us consider two such systems of differ- 
ential equations, We shall switch values each time the inequality V > 0 occurs, As the function y we shall take 
the function (10), The first of these systems has the form 


dz; 


a = &f, (i=4,...,2). (14) 


The functions € ,,...,€ , ate selected from a finite set E; in particular, the set {+ 1,—1} may be such a set, 
and we shall restrict our attention to this, Each time that V > 0, we shall change the signs of the functions f; by 
a suitable choice of € ; = 1 or €; = —1 until V changes sign, we shall show that this can be done in most cases, For 
this purpose we refer to the expression for V: 


, av 
V= De (15) 
Let us consider the function V at the moment Tt, when Vy = 0 and v > 0 fort>T. Two cases may occur; 


1, At least two terms P and Q of the sum (15) are different from zero, Let 


ren 4 


OV 
ie, °uhe > OandQ = Ba, °th =—P< 0. 


Then, changing the sign of p, we obtain v < 0 fort > T. 
2. All the terms of the sum (10) are equal to zero; 


ov 
ia, /* az (). (16) 
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If the equality (16) is satisfied at one point (x,,..., Xp) or even on a manifold with dimension m < n, for ex- 
ample, on the surface Vv = C, then in practice this case reduces to the first, In a real simulator, when there are 
fluctuations, the representative point cannot be strictly on a manifold with a dimension less than the dimension of 
the space, In a neighborhood of any point of this manifold there exist regions where Y # 0, Therefore it should 
be expected that the representative point will not remain on such a manifold, It is only if V = 0 in an n-dimen- 
sional region including the equilibrium point, or in a layer bounded by the surfaces V=C, and V=Cy,C, FC, 
that it is impossible to guarantee the possibility of obtaining a negative sign for V. Finally, we may have cases 
where V < O even for t++ « V0 but v+c # 0, that is, the representative point tends to a limit cycle located 
on some fixed surface y # 0. In this case only a stable limit cycle is of interest, However, even this case may be 
reduced to the one considered above, by a preliminary deformation of the surface V = C, for example, by replacing 
the function (10) by (8) with A; # 1, Analogous considerations are also possible for the system (9), Thus we con- 
clude that in most cases we can obtain the inequality V < 0 by a choice of the numbers € 4,....€ n- 


Let us determine what type of trajectory (with a finite or infinite number of switchings)the system (14) has. 
A necessary condition for the existence of trajectories of the first type is the negative sign of the real parts of the 
roots A; of the equation 


af, af, 

— "1 dr, 

Mie +s. 6 ¢ oe oe =() 
Of, . of, 1 

En Ox, 7 on: 5 


for a neighborhood of the equilibrium point x* = 0, Consequently the answer must be sought in the solution of 
another problem. 


Given a diagonal matrix le 4; |] of dimension n and a square nonsingular matrix || a; || of the same dimen- 
sion, The question arises as to whether it is possible to choose a set of numbers € ge-ees€ np = * 1 such that all the 
characteristic numbers Aj of the matrix 


Leis] = eal asl 
will have negative real parts, For a matrix |lc,; || of triangular form, with aj; # 0,this is always possible, The 


same can be said with respect to a complete matrix of dimension 2, 


For n > 2, depending on the coefficients of the matrix || a4; || , trajectories of either the first or the second 
type may exist, * 


The very simple system considered above may be considerably improved, mstead of the system (14) let us 
consider the system 


/ dx 
[= le... en h 

S < Pah bh ait. lye (17) 
dx ‘ 

= Ent-++ nn a 


Here the diagonal matrix || € ;; ll of the system (5) is replaced by a complete matrix || « ij" where the €,;, 
as before, are real numbers belonging to a finite set, tm this system for each search operation up to n® numbers may 
be chosen, The number of switching circuits will become n times as large, but the manner of computing amplifiers 
will remain practically the same as before, The new system (17) differs from the system (14) in that all of its con- 
vergent phase trajectories and trajectories of the first type. 


* We can indicate a criterion which, when it is satisfied, always guarantees the existence of such a set € ;,...,€ n- 
In [9] it is shown that if for a matrix || ay; || the two inequalities aj, < 0, lay | > x | a4; |,i4j, are satisfied, 
then for this matrix Re A, < 0, Obviously, if only the second inequality is satisfied, a can always obtain nega- 
tive diagonal elements for the matrix ||c;;ll by a suitable choice of lle ;;Il. 
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In order to convince ourselves of this, it is sufficient to consider the linear approximation of the system (17) in 
a neighborhood of the equilibrium point x* = 0; 


ds | 


\ de = fei] 








i t= == fish}. 





Here | zl is the Jacobian matrix with elements n , calculated at the equilibrium point, and lle ij |] are 


| Ox; Ox; 


column matrices, Obviously there always exists a matrix |l¢ ;; || for any given matrix || C55 | such that 
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Fig. 5. Fig. 6. 


The matrix 








of; l" is the inverse of the Jacobian matrix, The inverse matrix exists, since the Jacobian 
Oz; 
i 


matrix is nonsingular in a neighborhood of the solution x* = 0, Specifying the matrix ||c;;l] with roots,for which 
Re Ay < 0, we obtain the matrix le ij ll. 


A number of problems were solved on the {MU-8 and MN-7 simulators, The results of the solution of one of 
these are given below. We solved a system of nonlinear algebraic equations; 


fi = x — 0.01 [4.16 — 3.732, — (x, + 2, +- r3)?] = 0, 
f. = x2 — 0.01 [4.16 — 3.732, — (21+ xy + 29)*] = 0, @®) 
fs = 22 — 0.17 [4.16 — 0.932, — (x, + 22 + 2,)?] = 0. 


A system of differential equations was set up on the simulator in the form (14) 


x, =ef, (i=1,2,3, e=+1). (19) 

As the function® y we took the function v = c( f3 + £2 + £3), > 0. The total derivative V was formed by 
means of a differentiator, From the differentiator the signal was transmitted to the sign unit, at the output of which 
a polarized relay with a bias was connected, For V> 0 the relay contacts connected the input of the trigger cir- 
cuit to a generator producing sinusoidal oscillations with frequencies of 5-15 cycles, Each trigger was controlled 
by a polarized relay which changed the sign of the right-hand part of one of the equations of the system (19). 


The oscillograms in Figs, 5 and 6 illustrate the search for two different roots, The relative error in finding 
the roots in all the tests is about 2%, The error, when compared to the 100-volt scale of the simulator, is less than 
1%, The search time, depending on the integrator constants, will vary from 0,1 to 2 seconds, 


on the basis of the above discussion, we can draw the following conclusions; 


* The function v was formed by means of the smooth (thyrite) squaring circuits of the fMU-8 simulator. The use 
of squaring circuits with line-segment approximations was inadmissible, since this produces violent oscillations of 
the function ¥. 
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1, The problem of searching for the roots of a system of finite equations can be solved by the variable-struc- 
ture method using an electronic simulator, Every search system can be set up from typical units of standard simula- 
tors, for example, the fMU-8 simulator or simulators like it which have a differentiation mode, 


2, In solving the problem by the variable-structure method, no transformations need be carried out on the 
functions of the initial system, of the kind, for example, which are necessary when using the well-known gradient 
method, Usually such transformations lead to a complication of the functions to be set up, as compared with the 
initial equations, which implies a decrease in accuracy and an increase in the number of computing elements 
required to set up the scheme, 


3, The proposed method should be recommended in particular for the solution of systems of transcendental 
equations, where the gain in the number of computing elements as compared with the gradient method will be con- 
siderable, as well as for the solution of systems of linear algebraic equations, I the solution of linear algebraic 
equations we no longer have any need for recomputing the initial coefficient matrix [12]. 


Appendix 


We shall prove that the function 
V (2) Zqs--s z,) = >; Ni ff (2 40-+-0 Bq) (1D 
i=1 
has no relative minima, that is, minima for which y # 0, if 


D(fysess fp) 


det A = —_*+____ *_ 
D (2,,---. Bq) 


+0 


everywhere in the region of variation of (X,,....Xp). 


The minimum points are found among the roots of the system of equations 9V/9x; = 0 (i=1,...,M). Let us 
write 9V/9x, = 0 (i= 1,....m) in expanded form, taking (1) into consideration; 


of of, 


Ma Ga fit thn gt fa = 
a f 
ba Be yt net hg sod = 0 


This system of equations can be reduced to a single matrix equation 


(hy 0 /; of, fi\ 0 

3 Oz, ae.” “ . on 
0 ie AL 
: hn Oz, °° ° Oz, 


or AA'f = 0, 
Here A’ is the transpose of the matrix A, and consequently det A* = det A # 0, 


Taking into consideration the fact that det A is also unequal to zero, we arrive at the conclusion that Eq, (I) has 
only the trivial solution f, = ...= fp = 0, Returning to (1), we note that in this case vy = 0, which proves the pro- 
position, 
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A THYRITE MULTIPLIER WITH AN INCREASED PASSBAND 
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A multiplier with thyrite varistors is described which has a passband an order greater then earlier - 
known multipliers of a similar type. A broadened passband was achieved by compensating for 

the parasitic component of the thyrite admittances and by replacing the operation of detecting the 
absolute voltage on the thyrites by that of detecting their absolute currents, 


Nonlinear silicon carbide resistors of the thyrite type find rather wide application in analog computing machines 
and other computers [1-4], 


One shortcoming in existing multipliers of this type is their relatively low (up to a few hundred cps) passband. 
Analyses were made which showed that the passband is chiefly limited by the following factors: 


1) the reactive component of the thyrite admittance and the changes of its conductance with an increase in 
frequency (which is equivalent to the appearance of some parasitic admittance at higher frequencies); 


2) the widening of the squared-signa] spectrum in the modulus unit located in the signal channel ahead of the 
thyrite varistors, 


By compensating for the parasitic component of the thyrite admittance and by placing the modulus unit after 
the thyrite varistor the multiplier passband was widened by an order with respect to those previously described (3, 
4}, At the same time the static characteristics of the apparatus and the number of operational amplifiers in the 
arrangement are unchanged, 


In order to develop a compensating circuit, thyrite admittance was measured over a range of frequencies up 
to 20 kc, and its equivalent circuit was established, 


I, Investigation of Thyrite Admittance and Synthesis of an Equivalent Circuit 





An investigation of thyrite admittance was carried out on type NPS-50-0.7 thyrite varistors over a frequency 
range from 1 to 20 kc, Measurements were made with a differential transformer circuit (Fig. 1) for an ac voltage 
V.. of about 0,5 v on the specimen and a dc bias V_,which was varied from 0 to 50 v, A circuit balance was ob- 
tained on the fundamental of the ac signal by means of an ac null indicator (NI) for which an fo-17 oscillograph 
was used, The differential transformer T was a ferrocart 2000 toroid having uniformly distributed turns of windings 
W, (20 turns), W,, and ws (over 200 turns), A capacity box was used for the comparison capacity Cy, Due to the 
lack of a standard resistance box with an operational frequency range higher than 5 kc, type SP variable resistances 
were used for the comparison resistance Rp, and, after balancing the circuit, their resistance values were measured 
accurately on a MPT dc bridge, Dc bias on the specimen was set by means of potentiometer P and checked on 


voltmeter V,,.. Because of the large size (10 yf) capacitor C,, the ac signal did not pass through potentiometer P, 
If thyrite with a dc bias and a low amplitude ac signal is represented by a parallel equivalent circuit (Fig. 2a), 
then at the balance point of the circuit the following equations are satisfied 


We w 
R, = Ro = andC,, =: Cone 


From the results thus obtained the conductance component of the dynamic thyrite admittance can be deter- 
mined: 


Sat GAS di, 
hat che 
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and the susceptance component 





di i dt 
Oe 


Y, =0f, =o = —. 





where i, and i, are the in-phase and the reactive currents of the thyrite. 
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Fig, 2, Equivalent circuits of 
thyrite, a) Parallel equivalent 
circuit adopted during the meas- 
urements; b) equivalent circuit 
having a separate parasitic ad- 
mittance, 
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From now on it is convenient to separate the parasitic thyrite admittance 
which is to be compensated, For chis purpose thyrite is represented by the equiva- 
lent circuit of Fig. 2b, where Y._ is the conductance corresponding to the value 
of di/du for the thyrite under consideration at dc, and y a and y; are the con- 
ductance and susceptance components,respectively,of the parasitic admittance, 
Obviously, for every fixed frequency and for every fixed bias voltage 


%s = VY, — Fy, 1, =Y;- 


In Fig, 3 there are shown the values of y , = ya J), and in Fig, 4 the values 
of y 2*7 rf f) for various bias voltages, An analysis of these curves indicates 
that an equivalent circuit for thyrite can be represented in the form of a parallel 
connected resistance Ry, corresponding to the dc resistance of thyrite, a capac- 
ity C _,and a certain number of RC circuits R,, Cj, having various time constants 
(Fig. 5a), Capacity Co and resistances Rj, apparently depend either little or not 
at all on voltage, but at least some of the capacities C,,C»,...,C, are nonlinear, 
At the same time, as indicated by the curves of Fig. 4, this nonlinearity is small 
for voltages on thyrite up to 10 v; for higher voltages the capacity grows larger 
for a decrease in frequency. If the equivalent circuit of thyrite is limited to 
only one RC network ,R,C,, then a compensating circuit can be synthesized in 
accordance with Fig, 5b, The volt-ampere characteristic of thyrite’ for fre- 


quenciesof the order of 5 kc differs appreciably from the static case only for voltages up to 30 v (Fig. 6), i.e., in the 
portion where the susceptance y _ does not change significantly with voltage. Therefore C, can be a linear capacity 
in the compensating circuit, An experiment showed that,with a suitable choice of capacities C,, and C, and of re- 
sistance Ry in the compensating circuit,the resulting volt-ampere characteristic over the frequency range up to 5 kc 
is practically not any different from the static characteristic of thyrite, whereas without compensation this difference 
is observed to be worse at frequencies around 1 kc, 


Il, Circuit of a Thyrite Multiplier with an Increased Passband 
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In order to achieve the compensation of the parasitic current component for thyrite, in accord with Fig, 5b, 
there must also be in the circuit, in addition to the squared signals, signals of reverse sign, Another requirement 
which a multiplier circuit with an increased passband must satisfy is that the voltage on the thyrite varistor must 
not have a broader frequency spectrum than the spectrum of the squared signals, 
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Fig. 5, a) Completely equivalent circuit of a thyrite varistor; b) com- 
pensating circuit for the parasitic thyrite admittance, 


As was pointed out above, in the previously described multipliers this requirement for signals of changing signs 
was not fulfilled, since the voltage on the thyrite varistor was equal to the absolute value of the sqaured signal, 


The characteristic of a thyrite varistor® can be described by the expression 


i; = au’ sign y, (1) 


where i is the thyrite current, v is the voltage on the thyrite, and a is some positive constant, Upon taking the ab- 
solute value of the thyrite voltage, 


iy = aly Psign|y |= a|y |. (2) 
If now the absolute value of the thyrite current is taken, then (1) can be written in the formh 


i, = | av* sign v | = av’. (3) 


* It is assumed that the characteristic of a thyrite varistor is made closely quadratic by well-known methods [3). 
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From a comparison of (2) and (3) it is obvious that for accurate multiplier operation it is necessary in the first 
case to ensure for thyrite varistors fulfilling relation (1) that there is a significantly wider frequency range than in 
the second case, Therefore in the circuit that was developed the absolute value of the thyrite current was detected 
and not the absolute value of its voltage. 


The multiplier circuit (Fig. 7) is based on the well-known relation 
ma _yy—(x¥ — yy) — ry 
Z=ppl(X 4 Y) (X Y)?] = 7X! 


where X, Y, and Z are the corresponding input and output voltages of the multiplier. The addition of voltages X 
and Y is performed by resistors Rs and Rg this sum is obtained on the output of amplifier 1 with the sign reversed, 
The differences of the voltages (1/4X-Y and —1/4X-Y) are obtained by the addition 
of the amplifier output voltage I-(X + Y)/2 withthe voltages X (on resistors Rs and R,) 
and Y (on resistors Ry and Rg), The voltages thus derived are squared in thyrite varis- 
tors Ry to Rt,4, which have characteristics that are purposely distorted by resistors 
Ryg to Rgg in order to approach the square law. 


i, Pa 


The adjustment of the squarers is accomplished by well-known methods [3] for 
each thyrite separately, 


Detection of the absolute values of the thyrite currents is performed by two pairs 
of switches made of point contact silicon diodes D, to Dg, of which one pair of switches 
takes the positive modulus of current and the other the negative. In order to ensure 
satisfactory operation of the switches, resistors Rey to Ry,4,of 3.6 kohm in value,are con- 
nected in series with them from the point of summation for the output amplifier 2. 





Fig. 6, Compensation of the parasitic thyrite admittance is accomplished by four RC 
compensating networks (capacitors Cy to Cg and resistors Ryz7 to Req). It was found by 
experiment that for the best compensation an RC network (Rgg, Cy) should also be con- 
nected in the feedback circuit. 


Temperature compensation is obtained with a thermistor Ripper, 48 is done in other types of multipliers, 


A change in the sign of the product Z is produced by the transfer switch (relay) Rl. The multiplier can be 
made into a divider by the well-known method of connecting it in the feedback circuit of the output amplifier. 
Transfer switch (relay) R2 converts the circuit to the dividing condition, 
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Fig. 7. Basic circuit of a thyrite multiplier-divider with an increased passband, 
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In the completed model of the multiplier an automatic arrangement was proved for the dividing condition to 
ensure circuit stability by making the sign of the multiplier output current such that the feedback was always nega- 
tive. This was achieved with a simple circuit (not shown in Fig. 7),which reversed the sign by means of relay Rl 
when the sign of the dividend (voltage X) changed, 


Ill, Adjustment and Experimental Check of the Multiplier 





In the multiplier under discussion there were used three-channel operational amplifiers of the TU-10 type [5] 
and NSP-50-0,7 thyrite varistors. When choosing the thyrites it is desirable to use those which have a small suscept- 
ance as well as good static properties. 


As experience has revealed, the susceptance of thyrites, even when from one batch and with close static char- 
acteristics, can differ by two or three to one, For a large thyrite susceptance the compensating RC networks must have 
large capacities; their adjustment is more complicated than for thyrites having a small susceptance, 


All resistors on which voltage addition is performed (Ry and Rg; Rgand Rg; Rg and Rg; Rz and Rg in Fig. 7) 
must be accurate and highly stable, and must be selected in pairs so that their values up to frequencies of 5-10 kc 


do not differ more than 0.5%, In cases where these resistors differ somewhat in susceptance, capacity compensation 
can be used, 


An adjustment is first made on the multiplier with de by the usual method [3] in each of the four quadrants, 


The ac adjustment is carried out by means of an oscillograph with sinusoidal input signals, With in-phase 
signals the sum squarer is adjusted, and with out-of-phase signals — the difference squarer, One of the input signals 
is fed to the horizontal plates, and the output is on the vertical plates, The adjustment consists of selecting the 

RC compensating network parameters in such a way that 
y the image on the oscillograph screen takes the shape of 
outer! out theor.~w a parabola and does not change with a variation of the 
input signals from 30-50 cps to 5 ke, 


The static error of the multiplier as described, like 
the static error of other multipliers of similar type, lies 
within the limits of + 1% for a maximum value of 100 v, 


~~  & & & @D 


The dynamic characteristics are shown in Figs, 8 
and 9 (curves 1), where there is also introduced for com- 
parison the characteristics of the multiplier described in 
[4] (curves 2), 





Fig. 8. Figure 8 shows the relation of the divergence in the 


effective ac component at the output, when two sinusoi- 
Vout. o+ V dal signals at an amplitude of 100 v are being multiplied, 
from the theoretical value of this magnitude as a function 
of the input signal frequency, 


As the curves indicate, an appreciably divergence 
of the output signal from the theoretical begins for the 
multiplier under discussion only at frequencies around 
5 ke (curve 1), while for the multiplier of [4] such a di- 
vergence starts at 300 cps, 


—~ Sow & & DN O S&S 


The results of multiplying a sinusoidal signal having 
an amplitude of 100 v by zero is presented in Fig. 9 (the 
frequency of the input signal is plotted along the axis of 
abscissas), In this case the error begins to increase only 
for frequencies around 5 ke (curve 1) but for the multi- 
plier of [4] it is around 500 cps. 





Fig. 9, Frequency dependence of the error for the 
multiplication of a sinusoidal signal X = 100 sin 
Qnft (v) by zero, 
It should be noted that the characteristics presented 
correspond to multiplier operation under the most diffi- 
cult conditions when there are sign-changing signals on the squares, The method used earlier for the determination 
of frequency characteristics when multiplying a sinusoidal signal by a de signal of large value cannot completely 
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characterize a multiplier since in this case the signals on the squarers are sign-invariant, the modulus detector unit 
is not operating, andconsequently it does not introduce any errors, The condition for the multiplier is thereby made 
rather easy. 


The dc component of the output signal due to the multiplication of two sinusoidal signals does not change up 
to frequencies of the order of 15 kc. 


CONCLUSIONS 


1, The passband of thyrite multipliers is limited by the parasitic component of the thyrite admittances for high 
frequencies and by the broadening of the spectrum of the squared signals during the detection of their moduli. 


2, The frequency characteristics of thyrite varistors were studied and an equivalent substitute circuit was ob- 
tained which was used as the basis for the development of a method of compensation for the parasitic component 
of thyrite admittance, 


3, A thyrite squaring circuit was developed which detects the modulus of the thyrite current, and in which no 
broadening of the squaredsignal spectrum occurs, 


4. A multiplier was constructed using thyrites with frequency compensation and a current modulus detector 
circuit which has a passband of about 5 kc with sign-~varying signals on both inputs, 
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THE TRANSFER FUNCTION OF A SELF-SATURATING 
MAGNETIC AMPLIFIER WITH A dc RESISTIVE- 
INDUCTIVE LOAD FOR A STEP INPUT SIGNAL 
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Translated from Avtomatike i Telemekhanika, Vol, 22, No, 12, 
pp. 1656-1672, December, 1961 

Original article submitted March 9, 1961 


The paper derives the expression for the transfer function of an ideal self-saturating magnetic ampli- 
fier with a dc resistive-inductive load in the case where the time constant of the load and the power 
gain are large. The results are compared with those of other authors and with other experimental 
results, 


Statement of the Problem 





We shall assume that the input and output signals of a magnetic amplifier with a dc resistive-inductive load 
(Fig. 1) are the average values of the control voltage U, and the load current , over a half-cycle of the supply 
voltage, 


We shall study the transient response which occurs in the magnetic amplifier for a small deviation of the in- 
put signal AU, from the basis value U,, , in the initial stationary mode, We shall assume that AU, is a step time 
function that satisfies the conditions of the discrete Laplace transform [1]. Then the increment in the output signal 
AI, measured from the basis value ]_,will also be a step time function (Fig. 2). 


Applying the discrete Laplace transform to the increments of the input and output signals, we obtain the trans- 
fer function for the magnetic amplifier; this function is determined by the ratio between the output signal transform 
and the input signal transfonn. 


The purpose of this paper is to find the expression for the transfer function in terms of the magnetic amplifier 
parameters, We also treat the case where the step functions for the input and output signals can be treated as con- 
tinuous -with a sufficient degree of approximation; the expression for the transfer function corresponding to this case 
is found, 


The results are compared with experimental data and with the conclusions drawn by H, F, Storm [2, 3), M. A. 
Rozenblat [4], L. V. Safris [5], HuChia-Yao and V, A, Shubenko [6]. 


The transfer function of the magnetic amplifier is determined for the following assumptions: 
1) The cores have an ideal magnetization characteristic (Fig. 3); 
2) the forward resistance of the rectifiers is equal to zero, and the reverse resistance is equal to infinity; 
3) there is no magnetic leakage; 
4) the resistance of the operating windings w, of the magnetic amplifier is equal to zero. 
Certain additional limitations will be added below. 
The Equations for the Magnetic Amplifier Circuits 





It is convenient to formulate the equations for the magntic amplifier circuits in terms of the normalized 
quantities 
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’ U., ’ U - . « ° 
Em dolla leeBeoe ow =u, i, = iowo, 
4 (1) 
” . , R Ef L , r 
to = 4Mo R=-—, seep r ==, 
Wo Wo af 


Here U,,, is the amplitude value of the supply voltage which varies according to the law u= Upp sin wot; U, 
is the instantaneous value of the control voltage; ic,,{,, i, are the instantaneous values for the control current, the 
current in the operating windings Wo, and the load current; R and L are the resistance and inductance of the load; r 
is the resistance of the control circuit; w, and Wo are the number of turns on the control winding and the operating 
winding, 






































u=U,, sina t The primes denote the corresponding normalized quantities. 
lo We shall use By, By, Hy and Hg to denote the instantaneous 
\eal = } values of the flux densities and field intensities in cores 1 and 2 
ar 
», WS . (Fig. 1). 
wo. | « The currents in the windings are related to the intensities 
7 in the cores by the equations 
0 l 0 l 
r 44 ‘'5= s(t), t= >(Hi— Hy). @ 
S. RL 
Pag. F | where / is the length of the median line of force in the core, 


The equations for the magnetic amplifier circuit depend on 
the state of the rectifier bridge. The bridge may be in three states; 
positive admittance (the rectifiers a and c conduct), negative ad- 
mittance (rectifiers b and d conduct) and short-circuited (all four 
rectifiers conduct), 


Fig. 1. Circuit for the self-saturating mag- 
netic amplifier. 
































Ay, Al L 
Avel iat 
oo For the positive and negative admittance states the equations 
Alt of the circuits for instantaneous values of the currents are written as 
dB, , dB, 
Ox tx ix ix in Ox i Oru, Uimsin agt = IR +L’ 52. wT oe +5(2 at a) @ 
Fig. 2. Step functions for the input and out- , dB dB, 
put signals, Ue= ir +S(a = — x). (4) 
i =7 

(for positive admittance), o UL (5) 
etme f (6) 


(for negative admittance), 
Here § is the core cross section. 


For a short-circuited state of the rectifier bridge the equations for the circuits are written as 


Unsin@ot = S (St + — Tr) : (7) 


Ue=ir +8(Gi—-S), (8) 


cr +L th <0, (9) 
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Within the limits of a half-cycle of line voltage it is possible to isolate four intervals which are characterized 
by the fact that within each of them the state of the rectifier bridge and the magnetic state of the cores (saturated 
or unsaturated) remain the same, 


P Pigure 4 shows the graphs of u’, i%, i? , {3 ,By and By for two 
adjacent half-cycles of line voltage denoted by the subscripts n and 
Bh tains n + 1; here it is assumed that the subscript n correspond to the posi- 
tive half-cycle of line voltage, The graphs were plotted for a mode 
with free current harmonics in the control circuit; this mode is char- 
—— H acteristic for magnetic amplifiers with K, > 1 (kK, is the power gain). 
The graphs show the phase angles &,, 6, and y, which correspond 
to the boundaries of the intervals in the n-th half-cycle, as well as 
the limiting vaiues lon’ ip,, andi. for the load current, In study- 








6, ing the processes within the half-cycle n we introduce the independ- 
Fig. 3. Magnetization character- ent variable v5 instead of Wot; this variable is measured from the 
istic for an ideal core. initial point of the n-th half-cycle, Analogous notation, which differs 


only in the subscripts, is used for the subsequent intervals, 
The table shows the states of the rectifier bridge and the cores 

















an » ‘ | net ne? for each of the intervals in the half-cycles n and n + 1, as well as 
x the special conditions within the intervals n and their boundaries, 
Vn- 2 An Yn H O41 Bnet y x, “,*2. i. 
Within each of the intervals the processes in the magnetic 
N amplifier are described by linear differential equations with con- 
"2 + Pr ‘ . stant coefficients; the values of the coefficients depend on the num- 
ber of the interval. Taking the data and the table into account, we 
fon.) find the solution for Eqs, (2)-(9) in each of the intervals for the half- 
o 3 i r Y iz Lone ~ cycles n and n + 1, 
Yt SV, “tm as ty nN Hn. aly 
‘bn C, [Anes c Within interval 1 
lo tn 
= oe 10 
V, oY i, os i’ e MTL ( ) 
“4s where 
ue 
ea r T, w= & (11) 
0 ; L R’ 
TT rae 
is the time constant of the load, 
“6 
5 






































The equation for the upper boundary of interval 1 is 
Fig. 4, Graphs for the instantaneous values 





of u',e,, iy. ig, By and Bg. Om Sin Oy = Uc., (12) 
Here Up, is the normalized value of the c. ntrol voltage in the 
interval n, 
During the interval 2 
tn 
i= ine “o7L 
(13) 
se = > (Um Si Ta — Ue,,)- 
The equation for the upper boundary of interval 2 is 
Bn 
iL =iLe WL. (14) 
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State of the cores 





The relationship 





























d 
Number of between the Boundary conditions 
2 equations 
intervals currents, 
ig, = ij T= 0,1") = tip 
1 8 (2), (7)-(9) 
ip #-h Ty = %p, 15 = 0 (He = 0) 
= 4" Tn = Sn. t= i, 
2 us 
(2), ()-(9) | # Hy (By = By) 
Th = Bn,» iy = ibn, 
ig = i = ic 
3 us 1 . 
(2), (3)-(5) nn UL = 0, 
Vr si Yn 
. - (2), (7)-(9) | 9 = tg T= Yn ih 
iy = ig To=7, iy = fas 
5 us 
(2), (7)-(9) | ig = ig, Tn41 = 0 tf = tongs 
pei reek Te 
is = 0 (H = 0) 
us 
(2), (7)-(9) i‘ =ig=0 Tnhai= Sn+2 
6 
i; # ig Ai, = 4g O87 
$ 
(2)-(4), (6) Tn+1> Bust 
7 = 
i lb nes 
Tho. Yn+1 UL bias. 
* = i’ =-i! i! = {° 
5 aa 0 L . 
(2), (7)-(9) Geni. Th+i> Yn+1 
8 $ 
i’ ¢—-i i’ = i* 
L ‘ L Ries 
T+ shes i : ee 


(Note: In the table s denotes a saturated core state; us denotes an unsaturated core state; sc denotes the short-cir- 
cuited state for the | bridge; + and — denote the states s of positive and negative admittance for the bridge. 
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In interval 3 


‘ tn—Bn 
Us, - 


= (REP) [1 Hao) [SID Ta— MoT cos tr —e “1 (sin Bn — @o7 cos By) 

















Ue ae nbn tn—Bn 
hn ii «,T * ‘a oT 
+ R’ +r 1 e + tae - (15) 
where 
i? 
r= +r? (16) 
ghia ae a ie diy 17 
So = pe Umsinte— Bp Vey — Tr ae - 
The equations for the upper boundary of the interval 3 are 
-* 1 , ° , 
i = s (Omsin Yn + .), (18) 
} Um 
‘tn (RFP) + ol) 
Yn—Bn 
x [sin yn — @o7' COs Yn — € *! (sin Bx — @o7' cos Bp)] (19) 
Us. Yn—Bbn 1b Yn—Bn 
: ae ” @T 
+ Hap le )+i, ¢ 
In interval 4 
Tn Yn 
pr ts *,T a 
=the ol, (20) 
=a = U,, sin Ta. (21) 
The equation for the upper boundary of interval 4 is 
t—Yn 
y ss ae 
‘onta “wn? “es (22) 


The current i? during the half-cycle n + 1 is expressed in terms of the corresponding intervals, using formulas 
(10), (15) and (20) under conditions where the subscripts n are replaced by n + 1; during the half-cycle n + 2 the 
subscripts n are replaced by n+ 2, The same applies to the boundary equations (12), (14), (18), (19) and (22), 


In interval 5 
dB cs 
Sr = — Um Sin tay. (23) 
In interval 6 
dB | a” , 
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We shall express the average value of the load current during the half-cycle n by 


, { ° ’ 
= = = \ u Latn- (25) 
9 
We shall substitute the value of i for the intervals 1-4 into (25) from (10), (11), (15), and (20), Taking 
(14), (18), (19) into account, we obtain 
Yn—Bn 
nr’ IL, = Un {{ sin vw 
Yn —Ba 
r' (sin, —@o7' cos y,)e “7 —sinB, + wT cos B, 
~ Re +r’ 1 + (@oT')* 
By ti—Yn 


x [oT (ATL me 1) + w,7 | + @o7;, sin ald — gir aL ) 
F Roe (COS Bn — COS Yn) — @o 7 sin ts * (26) 


Yn—Bn Yn—Bn 
, 


+ Ue fle? — wie e wT stil, (aT 1) + «7 


r—Yn 


+e (ie “TL ) 4 Ra, 3 => f¥e—+ hd —eaf't 

















For the half-cycles n + 1 and n + 2 we obtain analogous equations (26a) and (26b) when n is replaced by n+ 1 
and n + 2, respectively, 


At the end of the first and fifth intervals the flux density in the second core has the identical value By = — By. 
Therefore 


(Bap ys 
dB, = 0 
(Bia, 
or 
C oa dB 
s\ 2 aBs ax, + S \ St tay: = 0. (27) 
an 0 


We shall substitute S(dB,/dt) into (27) from (13), (17), (21), (23) and (24), and taking (18) and (19) into account 
we shall obtain 











, a COs @, cos +p 
U', {= et wt + Bais & on r =; mie. a 608 Tn 
Yn—Bn 
+ wo? \(e ay «ein, 
Yn—Pn 
r’ (sin ¥,, — @o7' cos ¥,,) é “T —sin B,, + @oT' cos B,, \ 
ier 1 + (@oT)? (28) 

Yn—Bn 

‘ R’ ti R’ R’ que 
+& lt + Sy Ba — R+r’ tn OT He (¢ —_ _1)} 


a — 8B, 
+- Vemss ae = 0. 


The analogous Eq, (28a) is obtained for the half-cycles n + 1 and n+ 2 when n is replaced by n+ 1 andn+ 1 is 
replaced by n + 2 in (28), 
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7) 


8) 





We shall express ij, ,, in terms of the boundary phase angles for the intervals during the half-cycles n and 
n+1, 


By analogy with (14), (18) and (19) we shall write 


Bn4y Be 
“an 4 Um 8iD tn yy + U 


’ 


, 


Yn+1 : 





Yn+1 r 
P Um 
‘inti (RFP) [1+ (ool 
_ toto (29) 
x [sin Tn+1— Wel’ COS Yn41 — € ai Bnt1 — @ol’ cos Baa] 
_ Ynti1~Fati _ Ynt1-P nti 
1—e 


@T ” @T 
l é 
+ ip, 


i’ =i e 
Bn44 On+1 





+ Ten, 
R’ te r’ 
for the (n + 1)-th half-cycle, 


Eliminating toned’ ly n’ _o and igs from (18), (22) and (29), we obtain the equation 


2— Yn thy Yn4+17Fn41 
‘ff. el a , @T r’ 4 
U m4Sin {ne — SID Ynj1€ + Rr TF eT 
Yn+1—Fn41 


x Leta —WoT" COS ¥n+1) € —~ 6=—e Bn4i + @o7' cos Basalt (30) 
Ynt1—Pn41 Yn+1—Pn4t ™—YntPn+1 


’ , Pe x T 
~Uny fe “ —perle “tke ~t 


When n is replaced by n + 1 and n + 1 is replaced by n + 2 we obtain the analogous Eq. (30a) for the half- 
cycles n+ 1 andn+ 2, 


The system of ten equations (12), (12a), (12b), (26), (26a), (26b), (28), (28a), (30) and (30a) related the nine 
unknowns @,,%,45+%n+2, Bor 8n4a- Bn+2e Yn» ¥n+i ¥n42 tO the sought-for step function If and the known 
step function Uz. 


The System of Equations for the Magnetic Amplifier in the Case where wT, >> 1 and 





= 


In the case under study where the time constant of the load and the power gain are large the system of equa- 
tions interrelating I; , Uy, and the expressions for the boundary angles of the intervals are appreciably simplified. 


We shall use the substitutions 


P 9 U. 
Lum = > + : (31) 
etten — = . (32) 


Here [ _, is the maximum load current; I ast? the stationary control current corresponding to Uj, - 
In accordance with (12), (31) and (32), 


sind, & Eon 2 bast _ (33) 
Un 


In the working zone the input-output characteristic is I° astm <1, Forr'/R' +0, %,-+0, Therefore, 
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sinG@, ~@,, cosa, ~ 1. (34) 


In the analysis below we shall demonstrate that for r'/R' + 0, Yn >. 
We sha! assume 


{an =X — 0,, (35) 


where 6, << fm, 


Then 
sin Yn = 9, COS tn = — 1. (36) 


We shall use the expansion of exponents into a power series with the retention of only the first two terms, 
Taking (34) and (36) into account,we shall transform the system of equations (12), (26), (28) and (30), In the trans- 
formed equations we shall retain only the terms with an order of smallness no higher than the first (small quantities 


of the first order are a, 6 a. ). We shall also replace T by T;, and (w,T)* +1 by (woT;,)?. Then 











’ R@oT 1 
Ue 
as a9" « 37 
On v. (37) 
cos B,,,, — cosB a8 tn 4iP, 
+ Ba) Oe = (39) 


(@,7', - Bn+1) On — (@7L+ x — Bn+1) On4i + r (1 + cos Bn4,) 
= On41 (@7,, + 1 — Bris) — On (@ 97), — B41). (40) 


From (37)-(40) we shall obtain the following equations for the stationary mode when 9, = 9,,,,=9 and etc,: 








a 
¢=—-, (41) 
Um 
a Ih, = 0+, (42) 
yn B 
6= a5» (43) 
vr _ x(a+) (44) 
R’ 1+ cosB- 
From (41)-(44) we find 
44,3. (45) 
pieh + Hest. (48) 





r 1 
where the maximum load current Ii m is expressed by formula (31), 
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3) 


4) 


5) 


6) 





The smallness of @ for small « and r'/R' can be judged in accordance with (44), 


Equations (39) and (40) are nonlinear, After subjecting (37)-(40) to linearization, we obtain a system of equa- 
tions for the relationships between the small increments in the sought-for quantities: 





Ad, = Seo ;, (47) 
Um 
7 Ak, = Mn + Aon, (48) 
(imB—* _ 9) ap, —SPE+® agai. + (n—B) AQ, = 2 (Aan + Ans) (49) 
(woTi, — B) An — (WoT, + % — B) AQn41— 7 sin BABns; (50) 


= (@o7,, + 1 — B) Aany, — (@ 97; — B) Aan. 


By a rotating transposition of the subscripts in (47)-(50) we obtain analogous equations for the subsequent in- 
tervals (47a)-(50a). 








_ 
Adn+ = ” ’ (47a) 
AUe. 

Aang: = tH, (47) 
<- Als, = Abn+1 -+ Adnis, (48a) 
ar Ali... = Abn+s + Adnis, (48b) 

sin B —a __ sinb+a — B) Abn, 
(A — 9) ABn ts a — ABats + (xt — B) A9nts (49a) 
= B (Aan4s + Adn+e), 
(WoT, — B) AOn4, — (@o7, + 1 — B) A¥nys — pr sin BAB, +2 (50a) 


= (@,7, + x — B) Adn+2 — (@ 7, — B) Aon+. 


The ten equations (47), (47a), (47b), (48), (48a), (48b), (49), (49a), (50) and (51a) intertelate the unknownstep 
function and the increments in the boundary angles 4a,, San, ,, 4043, ABn,» SB nia SBnae, 46, 
46,41. 49n42 with the known step function AU;. 


Eliminating the intermediate variables, we obtain a linear equation in finite differences for the step function 


AAI, — A:AK,,, + A24I,,4, = BAK, + BAK... (51) 


4. 
Here 
A = (woh, — 6)(“"5=* — 0); 


” : sinB—a r’ . 
A, = (@57,, — B) (sin B a 8) + (——_—— 6) x _ Rr (x = B) sin B, (52) 
: / A 1 . 
Ae = (@,TL+ 2 —p) SE, B, = ax — £)sin 6, Be = Rr B sin B. 
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The Transfer Function for the Magnetic Amplifier 





We shall denote the transforms (in the sense of a discrete Laplace transform) of the step functions SI? and 
AU; by ST) and AU;(q), respectively (here q is a dimensionless operator), 


The transfer function of the magnetic amplifier is defined as 
_ A @ 


1) = S060 -_ 


Assuming that in the initial basis mode the increments of the functions and their first differences are equal to 


zero, we shall apply a discrete Laplace transform to (51) and obtain the transfer function for the magnetic amplifier 
in accordance with (53): 


a. 

















i. 54 
A — Aye* + Aye”? (>4) 
Expression (54) can be transformed to 
4+, (e* —1)+ 4 (e* — 4)? 
== . 55 
¥ (a) Kya p+ ae—iP - 
where 

a B, + B; © _ By+ 2B, = B; 
"TA-mtae’ *” hem’ *” BFR i 
me 2 As (56) 

¢ A—A;+4;’ 4° A—A,+A4;° 


If we limit our analysis to signals that vary slowly compared to a half-cycle of the line voltage, then the 
approximate substitution ef — 1 = q. 


We shall replace q by the operator p for a continuous Laplace transform 


Then (55) will become 


1+Tap+ Tip 





TO) = rt TP “" 
where 
Bs § x \2 x  \2 
Ta=iw, T=(Z)G T= Ta=(Z)u. (58) 


Substituting (56) and (52) into (58) and taking the equations (43) and (44) for the stationary mode into account, 
we shall find the expressions for the gain and the time constants in terms of the parameters of the basis mode: 





{ » (59) 
where Kig= rr is the normalized dynamic current gain, 
; ’ m | 
Ka "7 x—fB i+cosB ’ 
ye eee ot] 

+ (x — B) sin B (60) 

wa. | B 2 xB 

T,=5("+ >): Pe ae 
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6) 


57) 


58) 


ount, 


'59) 


(60) 




















i +'cos B 4 Sites x R 
T.= TL Liaz—BysinBt a, a(x + 2? sin 8 \+ cmH? 
aii 1+ i+ cos . 
(x — B) sinB 
R’ 1+cosB (61) 
Ti =(=) (sty + 8— © repr + BariN q 
Ps Wy ‘ i+ cos8 
+i — 8) sin B 
We shall use the substitution 
where Ki - is the normalized static current gain, 
In accordance with (46), 
Kie= 


The quantities Kig and Kj,, can be determined from the input-output characteristic of the magnetic ampli- 
fier,which is plotted in relative units, 


We shall express the functions of the angle 6 in (61) 
in terms of Kig and Ki ste The formulas for the time con- 











‘Aan a Kig stants will then become 
ag iin 1 3Kige—! 
. T, OK ’ (63) 
a8 ” Kiet 
. | iat K jer 1 
| 2 1 “is” 
ast 1 = SAT (64) 
4} 
Q3+ , 5 
¢ 4 | Kia, 5 a (65) 
Q2r T,. =T,a+ Kido + fo | ist zs, 
Qit 
a tt > eo 
— T= (7. + zi) (Kid'e.+ Toe) . (66) 
Fig. 5, Graphs of a, Kj4, VK... and I, /l; m for 2foKt ° 
an ideal magnetic “amplifier, 
H Kist— K, 
ere f= ist id. (67) 
Kist 
i R’ 
fo. (68) 


where T, is the time constant for the control circuit in a magnetic amplifier with a resistive load, The graphs a, 
—— (1/ Ki st) computed for an ideal magnetic amplifier from formulas (45), (46), (60), (62) and (67) are shown 
in Fig, 5, 
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For sufficiently large T,, and (R'/r’), formulas (65) and (66) are simplified: 
T, = Tia + Kiak,, (69) 
1i= Ty Te Kia. (70) 


The Transfer Function for the Magnetic Amplifier 





The transfer function for the magnetic amplifier expresses its response to a step variation of the input signal 
for zero initial conditions, 


We shall limit our analysis to the case where a) the duration of the transient response appreciably exceeds 
the time required for a half-cycle of supply voltage and b) the transfer function is expressed in terms of formula 
(57), 


The transform for an input step signal is written as 
AU" 
AU c(p) =z — (71) 


The transform of the output signal for zero initial conditions is determined by the product of the transfer func- 
tion (57) and the transform of the input signal (71), 


: or £47 p+ Tir 
Al = KAUg.—- . (72) 
u (?) + Top + Tapp 





The roots of the characteristic equation for the magnetic amplifier are 








1+ T.p + Tap* = 0: (73) 
they can be real and complex: 
eee * %Y\i ™ 14 
A. = 272 y (sre) —iarg * ( ) 
The real roots occur when 
1 
where 
T 
a . 76 
or (76) 
We use the substitution 
4 1 


= Vy a? ——. (77) 


We shall find the transfer function for the case of real roots of the characteristic equation by applying the in- 
verse Laplace transform to (72) [7): 


i { 

“pre—r.4—, (a+8)T2—Ta+— 
OTD a pus aite 2 O—B (aay 7 a+ 8B ,-(a+s)0. (78) 
KAUg, 2B72 2B7T? 











For zero initial conditions a monotonic transient response corresponds to real roots, 
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1) 


2) 


13) 


74) 


75) 


76) 


77) 


. in- 


(78) 





When the inequality 


a (79) 
is satisfied, the roots of the characteristic equation will be complex. 
We shall use the substitution 
peer 
o> ==» am @", 80 
a (80) 


Applying the inverse Laplace transform to (72), we shall find the transfer function of the magnetic amplifier 
for the case of complex roots [7]: 








Al, (t) 4 
cary 1+ ar We — 0°) T3— Ta + 1P+17,—20Te Po per 
x e—*' sin (wt +), 
where 
T,—2aT? 
a = arc tan ain, Stra — arctan —— ‘ 


(a? — o*) T} —T,2 +1 


The complex roots correspond to an oscillatory transient response, H. F, Storm [2, 3] was the first to turn his 
attention to the possibility that an oscillatory transient response exists in such a magnetic amplifier. 


Comparison with Papers by Other Authors 





The dynamics of a self-saturating magnetic amplifier with a resistive-inductive dc load has been discussed 
in a number of papers, The expressions derived for the transfer function of the magnetic amplifier by various authors 
are different, This can be explained by the fact that in deriving the formula for the transfer function the authors 
adopted hypotheses which did not flow directly from the fundamental equations for the magnetic amplifier. It is 
natural that the coefficients of the transfer function varied in accordance with the particular hypothesis adopted by 
the author, 


We shall study the transfer functions derived by various authors as they apply to an ideal magnetic amplifier; 
we shall retain the notation adopted in this paper. 


In accordance with the transfer function for a self-saturating magnetic amplifier with a resistive load,H, F. 
Storm [2, 3] formulated a block diagram and extrapolated it for the case of a resistive-inductive load when a) the 
load resistance R was replaced by the operator resistance R + Lp» and b) the current gain Kj = 1 of a magnetic ampli- 
fier with a resistive load was replaced by the dynamic current gain Kj, of a magnetic amplifier with a resistive- 
inductive load, 


The transfer function of a magnetic amplifier with a resistive-inductive load is given by the system of equa- 
tions 





I K; 2 
Y (p)= Ai, (?) == 1 —r, (82) 
where 
T. = Kale, (83) 
2, 
T= Kifer (84) 


with T, determined by formula (68), 
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Formulas (82)-(84) can also be obtained by applying the proof proposed by M. A. Rozenblat [4]. . The formulas 
are derived on the assumption that the relationship between the load and control currents remains constant in both 
the stationary and transient modes, In the book by M, A, Rozenblat, however, an expression for the transfer function 
which is somewhat different than H, F, Storm's is cited: 





io a 
 Uesp) AT P+ The! (oo) 
where 
T. = Kgl. 7 = Kise T1: (86) 


The formulas derived by H. F. Storm are obtained by linearizing the original equations, and the transfer func- 
tion is derived for the ratio between the increments in the load current and the control voltage. M. A. Rozenblat 
determines the transfer function for the ratio between the control voltage and the load current; this is permissible 
only in the case where the coefficients of the differential equation are constant. Moreover, the load current in the 
magnetic amplifier under study is related to the control current via a nonlinear function, 


We shall compare the expressions for the transfer functions (57) and (82), In the transfer function obtained by 
H, F, Storm there is no polynomial operator in the numerator and there is a substantial difference between the time 
constant T. [cf, (83) and (69)] and the value obtained using the formula in this paper. The difference in T, will 


have an effect that increases with the amount by which aT, exceeds Ki dic: 


In the limiting case where aT, >> Kj qT, it follows from (74), (69), (70), (83) and (84) that the roots of the 
characteristic equation will be equal to 


a a 
-— ; + ; 
2K aT 6. 2K ide. (87) 





me 


(for the expression obtained for the transfer function in this paper) and 


> 
eK hie | fpes aa (88) 
ar, Pae™ 


(for the transfer function obtained by H, F, Storm), 


For a step input signal the roots (87) correspond to an aperiodic transient response, and the roots (88) corres- 
pond to an oscillatory response, 


L. V. Safris [5] proposed treating the magnetic amplifier as a generator with a certain equivalent emf E and 
internal resistance Ry» assuming that Rj remains constant and E is related to the control current by the same func- 
tion in both stationary and transient modes, The internal resistance of the equivalent generator is determined by 


the partial derivative 
OE. 
R, - ( ah, (89) 
‘"@ Ae. const 


where Ep» is the average emf in the winding over a half-cycle, 


[The transfer function cited in the paper by L. V. Safris is expressed by formula (82).] For the time constants, 
we cite the formulas 


T.=t+t+t, T= tT +44, (90) 


where T..T,,»T¢ andr, are expressed in terms of the parameters and characteristics of the magnetic amplifier. 
For an ideal magnetic amplifier,Rj=©,7T.=0,T, = KjgTc, Te = 9,7, = T; and 


T.= K dtc? 74 = Kigie Tu (91) 
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From a comparison of (91) with (83) and (84) it follows that for an ideal magnetic amplifier the transfer func- 
tions proposed by L, V. Safris and H, F. Storm are identical, 


In contrast to L, V, Safris, Hu Chia-Yao and V, A. Shubenko [6] proposed the computation of the internal re- 
sistance of the equivalent generator R, on the basis of the formula 


rather than on the basis of (89); here Ij ,, is the maximum load current expressed by formula (31) for an ideal mag- 
netic amplifier, and m = 1,05 ~ 1.15 is an empirical coefficient, 


The transfer function of the magnetic amplifier is expressed by formula (82) in accordance with [6], and the 
time constants are equal to 


T= i o(styt Tox)? T4 = Tto(st)* *L*o (x), (93) 


where T;, Tj» T gt) aNd T p(y) are expressed in terms of the parameters and characteristics of the magnetic ampli- 
fier, For the ideal magnetic amplifier, 


r ; 
. T —= —_ 
+= T > T=", muaglane » Tost) 0, Te) = Kile, 


m 
; Am (94) 
7r- pak T=—K TT 
mba be qn ides L 


The time constant T, differs from the analogous time constant in Storm's formula (83) by a component pro- 
portional to the load time constant T, . 


The coefficient q/ Tim depends on the relative control current and is determined by the input-output charac- 
teristic plotted in relative units, 


In expression (70) derived above for T,, the load time constant appears with the coefficient a = Ki. - Ki 4/ Ki st 
The dependence of a and v/ Tm 08 the relative control current is expressed using different curves (cf, Fig, 5). 


A Comparison of Computed and Experimental Values of the Transient Function 





The experiments were performed on a magnetic amplifier with toroidal cores that had the following specifica- 
tions: The core material was “65NP;° the geometric cross section of one core was 0.4 cm?; the product of the satura- 
tion flux density and the space coefficient of the core was B.K.. = 10.8-10° gauss; the rectifiers in the bridge were 
of the type "D7B"; the number of the turns on the windings was wo = 1000, w, = 2000; the resistance of the series 
windings for the two cores was two * 10,2 ohm, tw, = 101 ohm. 


Experiment No, 1 was performed for parameter values that,according to (79), (76), (65) and (66), assured a 
transient function that was oscillatory, In experiment No, 1 we assumed the following mode; line frequency f= 50 cps, 
supply voltage U = 18 v, load resistance R= 250 ohm, load time constant T, = 51 107% sec, control circuit resistance 
r= 141 ohm, 


The oscillogram shown in Fig, 6 recorded the load current i; 
for a step increase in the control voltage, The step shown in the lower 
oscillogram trace fixed the instant at which commutation of U, oc- 
curred, The values of the load and control currents were equal to: 
Io.= 4.6 ma, | = 20 ma (before commutation of U,) and .* 6.4 ma, 
I = 25 ma (in the steady-state mode after commutation), 





The experimentally observed maximum value of the load cur- 
rent was equal to § ,, = 60 ma, The maximum value of the control 


Fig, 6. Oscillogram of experiment No, 1, 
°6 . current was I. = I mWo/Wco = 30 ma, 


The initial mode corresponds to a relative control current I,/, m= 0.154, 
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We shall find the computed value of the transient function from the formulas derived in this paper. 


For 1./T¢ m= 0.154 we find a = 0,37, Ki, = 1.51 and W/Kigt = = 0,42 from the Braphs in Fig. 5, From formulas 
(63), (64), (68)- (10), (76) and (80) we finds T, = 12.9 millisec, T}, = 29-10" sec’, T, = 37 millisec, T, = 75 milli- 


sec, TY = 2.85: -1073 sec®, a = 13,1 sec™ “é8 eect ; 


In the investigated mode inequality (79) applies and 
the transient function is oscillatory. The transient function 
computed from formula (81) is shown in Fig. 7. The same 

3 figure shows the experimental transient function plotted in 
2 accordance with the oscillogram in Fig. 6. The computed 
rc : ae function is in sufficiently good agreement with the experi- 
/ mental function, A certain divergence can be explained 
by the effects of the magnetizing current in the operating 
winding and the value of the ratio R'/r' = 7,4 assumed in 
the investigated mode, 


bh /Ki a 








05 In experiment No, 1 the relative control current cor- 
responds to the intersection points of the curves for a and 
L/km (Fig. 6). Therefore.the values of T,,computed from 
formulas (94) and (65), will be almost equal. Since, in addi- 
tion T, < T, and T} << T4, it follows that the transient 
function computed from the Hu Chai-Yav — Shubenko form- 
ulas will differ only slightly from the function computed 

. -” sad % millisec. from the formulas in this paper for the investigated mode, 

















Fig, 7. Transient functions for the mode correspond- Computation from Storm's formulas (83) and (84) for 
ing to experiment No, 1, 1) Experimental; 2) in ac- the mode in experiment No, 1 yields: T, = 55,9- 107 sec 
cordance with the formulas in this paper; 3) in ac- and T% = 2,25-107* sec*, For these values of the time con- 
cordance with the formulas derived by H. F, Storm. stants we have a = 9,8sec ‘and w = 16 sec™4,in accordance 
with (76) and (80), The transient function computed from 
the Storm formulas is shown in Fig. 7. It is also oscilla- 
tory in nature but has a somewhat greater over-regulation 
than the experimental function and the function computed 
from the formulas in this paper, 


Experiment No, 2 corresponded to the following mag- 
netic amplifier mode: f, = 440 cps, U= 140 v, R= 4000 
ohm, TL = 0,1 sec, r= 1090 ohm, 





The values of the currents in the initial mode were: 
Fig. 8, Oscillogram of experiment I,,= 10.1 ma, I, = 25 ma, In the final mode the values 
No, 2. were I, = 12,5 ma and I, = 28.4 ma. 


The oscillogram of i; for a step variation of U,_is 
shown in Fig, 8, In order to set a time scale the signal 
was modulated at a frequency of 200 cps. From the oscillogram it is evident that the transient function in experi- 
ment No, 2 is aperiodic in nature, 


We shall find the computed value of the transient function from the formulas in this paper, In the mode cor- 
responding to experiment No, 2, hp) = 31.5 ma, Inj, = 15.8 ma, I./I, 4, = 0.64, From the graphs in Fig. 5 we find: 
a = 0,505, Kjg = 0,66, 1/Kj,, = 0.75. 


From formulas (63)-(66), (68), (76), and (77) we find T, = 1.28 millisec, x = 0.16107 sec’, T, = 8,35 
millisec, Tg = 57,2 millisec, T®, = 0.58-107* sec”, a = 49,5 sec", 8 = 26,0 sec” 


In the investigated mode inequality (75) applies and the transient function is aperiodic in nature, The trans- 
ient function computed from formula (78) is shown in Fig, 9, The same figure also shows the experimental functions, 
The computed function shows very good agreement with the experimental function, 
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We shall find the transient function from the Hu Chia- Yao — Shubenko formulas. 


For 1, /Icm = 0.64 we have §, /Iym, = 0.85.in accordance with Fig. 5. According to (94) we have T, = 90,5 
millisec and T4 = 0,551-107° sec’for m= 1, In accordance with (76) and (77), a = 82 sec™* and B = 70 sec™’, 
Under these conditions inequality (75) is satisfied and the transient function is aperiodic (Fig. 9). Since in the chosen 
mode 1/1, > 4, the time constant T, computed from the Hu Chai-Yao— Shubenko formula has a value that is 
too high, The transient process expressed by the computed function proceeds more slowly than that observed experi- 
mentally, By the introduction of the empirical coefficient m = 1.05 — 1.15 into the formula for T, proposed by the 
authors it is evident that we cannot bring T,, to the level defined by the more rigorous theory, Note that in the region 
of small relative control currents (1, /I¢ sp) < 0.15) the correction coefficient must be less than unity, 


We shall find the transient function from the Storm form- 
Ah [Kgl ulas, In accordance with (83) and (84) we have T_ = 5,5-107° 


20f sec, T®, = 0,55+107* sec*, Under these conditions inequality 
(79) is satisfied and the computed transient function is oscilla - 
tory in nature, In accordance with (76) and (80), a = 5 sec’ 
/\ 1 The transient function computed accord- 
/ 
10}- / ~ 1, For an ideal self-saturating magnetic amplifier with 
ae 3 a resistive-inductive load the authors derive a system of equa- 
tions in finite differences that determines the relationship be- 
tween the step functions for the control voltage and load current, 
L 2. For the case where WT; >> 1 and r’ << R’,a simple 


and w = 42,4 sec”, 
ing to the Storm method for the mode in experiment No, 2 
Qs 
expression is derived for the transfer function of the magnetic 
amplifier in terms of the parameters of the stationary mode. 




















is shown in Fig. 9, It diverges sharply from the experimental 
Pa function which is aperiodic, 
CONCLUSIONS 
3. Expressions are derived for the transient function of 
the magnetic amplifier. The relationships are found between 
8 100 200 ¢ millisec. the parameters corresponding to an aperiodic or oscillatory 
transient function, 














Fig, 9. Transient functions for the mode corres- 


ponding to experiment No, 2, 1) Experimental 4, Experiment has shown that there is good agreement 
function; 2) function derived in accordance with between the computed and experimental values of the transi- 
H, F, Storm's formulas; 3) function derived ac- ent function in different modes, 


cording to the Hu Chia~Yao— Shubenko formu- 
las; the open circles denote the points com- 
puted from the formulas in this paper, 


5. Formulas are investigated for the transfer functions 
derived by a number of authors, Parameter regions are de- 
fined within which the formulas will produce an appreciable 
divergence from experimental results, 
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The dynamics of photoelectric dc compensators with negative feedback are considered, Stability con- 
ditions and a comparison of stabilization methods for circuits with stiff and with flexible feedback are 
given. A possible approach to the synthesis of circuits with prescribed rate of response is given. 


The presence of high-amplification (up to 10° in voltage) and low zero drift have brought always a broader 
recognition in measurement techniques and automation [1-4] to the dc photoelectric compensator, The wide use 
of these instruments has caused the Leningrad electrical measuring instrument plant"Vibrator" to begin the series 
production of photoelectric compensators combining a galvanometer, optical system and photoresistance into a 
single design unit, in 1957, 


However, in the construction of specific circuits containing the photoelectric compensator, a number of dif- 
ficulties are frequently encountered, Due to presence of feedback, self-oscillation can arise in the circuit. It is 
difficult to achieve a satisfactory rate of response in a stable circuit. The problem of synthesizing photoelectric 
compensator circuits with prescribed dynamic properties is therefore of great interest. 


The method of calculation here is based on the assignment of the roots of the characteristic equation, accord- 
ing to T. N. Sokolov [5], and permits the synthesis of photoelectric compensator circuits with both stiff and flexible 
negative feedbacks, 


Photoelectric Compensator with Feedback 





The schematic diagram of a photoelectric compensator is given in Fig, 1. The sensitive element is a moving 
coil galvanometer G using tension suspension, The shift of the galvanometer light spot {s transformed by a photo- 
optical converter using photoelements P, and P, and a vacuum tube amplifier, to a variation of anode current I in 
the vacuum tube T, Resistances ry-1, and rg, together with capacitors Cy—C, form a stabilizing circuit, used to ob- 
tain the required circuit characteristics, 


Feedback can be realized both through capacitor Cy and resistances ry and rg (flexible feedback), and directly 
through resistance r, (stiff feedback),* 


A block diagram of the compensator is given in Fig. 2, The stabilizing circuit, which, as can be seen from 
Fig, 1,can be connected in various ways, is here assigned to the compensator input by convention, The transfer 
functions of the individual circuits are given below: 


Electrical input circuit of the compensator 


gpa 
e(p)  Br(ep +1)" 





Galvanometer 


a(p) _ 4 
i(p) Jp? + Pp+W,,’ 





Photooptical converter 


Ui(p) _ ¥ 
a (p) 1+T,p’ 


* Circuits with stiff and with flexible feedback will be considered separately below. Combined feedback, which is 
rarely employed, will be omitted in the present article, 
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Stabilizing circuit 


Teh. = Yor (p) 


Ui(p) 
Vacuum tube amplifier 
I(p) 
Feedback circuit 
Cf (P) 


Here we have used the following notation: Er is the sum of resistances in the galvanometer circuit; T = L/Er, 
where L is the inductance of the galvanometer circuit; « is the angle of rotation of the galvanometer coil; J is the 
moment of inertia of the moving portion of the galvanometer; P = ¥*/ Er is the damping factor of the galvanometer, 
where ¥ is the interlinkage of the galvanometer; W,, is the constant tensile moment of the galvanometer; T, is the 
time constant of the photooptical converter, k is the conversion factor of the photooptical converter; S(p) is the gain 
factor of the electronic portion of the amplifier, kp(p) is the transfer factor of the feedback circuit, 























Fig. 1. Schematic diagram of photoelectric compensator with 
stabilizing networks, 














oe 
= {6} 


Fig. 2. Block diagram of photoelectric compensator, 1) 
Amplifier input electrical network; 2) galvanometer; 3) 
photooptical converter; 4) stabilization network; 5) elec- 
tronic amplifier; 6) negative feedback circuit. 


The transfer function of the closed loopis 


SOPs ior kpY sy (P) (1) 
e,(P) (i+ Typ)(i + tp) Jp* + Pp + W,) = k,Y., (p) Ra (p) ” 








where ky, =. Here we have assumed that S(p) = S, i.e,, the electronic amplifier has no lag, 
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Synthesis of Compensator Circuits with Stiff Feedback 
In the case of stiff feedback, as is evident from Fig, 1: 





Kp (P) = win” == Pee ad 
Putting kok = We we obtain from (1) 
T(p) _ KY, (P) (3) 








éx(pP) = (1+ Typ) (1+ tp) UP + Pp+W,)+W, Y, (Pp) * 


In each concrete case the compensator dynamics can be calculated from the measured parameters of the gal- 
vanometer J, P(#), Wy, and the time constants T, and tT , which can be calculated or found experimentally. The 
value ry, * €y /1 is found on the basis of the desired amplifier sensitivity, The quantity W, characterizes the static 
error of the compensator with the given W,,. The greater We is, the smaller [as can be seen from (3)] is the error, 
Simultaneously the noise connected with power supply instability, photoelements, etc, is reduced, 


However, as W, is increased (for example, by increasing S) the tendency to oscillate will increase sharply. 
Therefore in calculating the dynamics of photoelectric compensators with stiff feedback two procedures should be 
used: Fora given W, calculate the parameters of the stabilization circuit guaranteeing acceptable rate of response, 
or, on the contrary, defining the magnitude of W, admissible for a given rate of response. 


Let us consider first a simple but very important case, We shall consider the photoelectric converter to be 
without lag (Ty = 0), and the inductance of the input circuit negligibly small (tT =0);° we also put Y,.(p)=1. As 
shown in [2], this is valid for a well-damped galvanometer, when 


The dynamic properties of the compensator are here completely defined by the characteristic equation, analog- 
ous to the ordinary equation of a moving coil galvanometer: 


Jp? + Pp+Ww, +W,=0. (4) 
Practically always W, >> W,, and the equation takes the form 
Jp?+ Pp+We =0. © 


The damping time* * of an overdamped compensator, as shown in [6],for the ordinary galvanometer, is in 
this case defined by the formula 


“? P ] / F217. 
ta =~1.2 2 JWe 2x We kSr, (6) 


A family of curves tg = f (r,,) with kS = const for a given galvanometer is given in Fig. 3. The lines Dr mark 
off the regions of overdamping. The solution of (6) is valid for given ir in the region above the straight lines, Since 
ty, is found by calculating the static behavior of the photoelectric compensator, these curves give the possibility of 
determining the required value of kS for a given ty. 





The above case of overdamped amplifier is possible in reality only when it is possible to accept a relatively 
low value of We, for example, in the design of high-sensitivity measuring instruments, The requirement of in- 
creasing the static precision and stability of the photoelectric compensator, for example, in the design of precise 
voltage and current stabilizers, inevitably leads to increase of W, and the passage of the amplifier to the under- 


* Inpractice the quantity T does not exceed 10°10 sec, 
* *By damping time we understand the time from the instant of application of a step e, at the input to the instant 
where the output current will differ by not more than 2% from the steady-state value. 


1532 








g- 


—v 





damped condition, In this case the dynamic properties of the photoelectric compensator are defined by a third- 
order characteristic equation, and the larger of the time constants T,, or T * must be included in the calculation, 





y 
(Jp?+ Pp+Ww)(i+Typ)+W. =0. 
Considering that Waly << P and Wu << We, we obtain 
PT, + J P W. 
P+ —Fr— P+ 7, P+ ype °. (8) 


It should be emphasized, contrary to the opinion of certain authors [4], that in calculating the photoelectric 
compensator dynamics it is always possible in practice to neglect the quantity W,,. 


The stability condition from Eq. (8) is 


JTW, <P(PTy+J). pe 


For given numerical values of the gain factors, it is not difficult to find the roots of the characteristic equa- 
tion for a stable system, using one of the known methods, for example, the method developed by D, A. Bashkirov 
[7]. However in the design of the photoelectric compensator it is appreciably more effective to use the method 

of prescribed distribution of the characteristic equation roots in the plane of the 
complex variable p= 0 + jw, 


‘d ' As shown by calculations and experiments carried out by the present author, 
(xS}>(nS),>{15), one of the most convenient methods of prescribing the roots of the characteristic 
equation for a compensator system is the case where a pair of complex roots is 
closest to the imaginary axis, while the remaining roots are real (Pig. 4). This 
successfully combines the requirements of high static precision and good rate of 
(Er), >(Zr), response, 


Let us represent (8) in the form 














(Zr) 
“ (p* + Bip + By) (p + C) = 0, 
Fig, 3, Determining the damp- wom peas 
ing time of an overdamped B,+C= feo = A), 
photoelectric compensator, y (11) 
P 
oat PO Ae Tae (12) 
We 
B,C = jr. . (13) 


Since the transient process in the system is defined by the pair of complex roots, the relationship between the 
coefficients By and Bs should be prescribed: 
B, = k,, Bi = (1 to 4) Bi. (14) 


This corresponds to a damped transient process in the system during 1-2,5 periods of output current oscilla- 
tion, Putting B, = aAy, we ObtainC = (1 —a) Ay, Using (11) and (12), we obtain 


A 
a (k, — 1) +a—F =0. (5) 
1 
* In using vacuum photoelements with high internal resistance p this constant can also be the input time constant of 
the vacuum tube T,,, = PCip, Where Cy, is the input capacitance of the vacuum tube (T in * 10°10 sec), 
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From this we find the smallest value of a (the coefficients Ay and A, are given by the galvanometer and ampli- 
fier design) and further, Bz, C and W,. 


To estimate the damping time, the approximate formula 








p re. 
may be used, where k, depends on k, (with k, = 1, k, = 1), It can be stated 
al M: that a system designed in this way will have the maximum value of W . for 
o a given rate of response, 
xB Stabilization Circuit of Photoelectric Compensator with 








Flexible Feedback 





Fig. 4, Distribution of the roots 
of the characteristic equation of 
a closed-loop system in the com- 
plex plane, 


To increase the rate of response and the permissible value of W. many 
authors [3, 4, 8, 9] have proposed a number of compensator stabilization cir- 
cuits, the basic ones of which being given in Fig. 1.° 


As is easily verified, the transfer function of the stabilization network 
in almost all cases has the form 


i+T 
Vee (P) = hye pe (17) 


Depending on the relationship between T, and T, the stabilizing circuit is an integration or differentiation net- 
work, However the point at which the network is introduced is far from unimportant, A differentiating circuit can- 
not be used at the input to the vacuum tube amplifier or in the first stage, due to a sharp increase of noise back- 
ground at the compensator output, The best results are therefore given by connecting an integration network (re- 
sistances rs, tg, and capacitor C,) in the grid circuit of the input vacuum tube and particularly, connected in series 
with the galvanometer resistance r,, shunted by capacitor C, (differentiating network), Let us consider these alter- 
natives in greater detail, since they do not increase the noise level at the compensator output. 


When the integration network is used, its transfer function has the form (17), where k,, = 1, Ty = mgC,g, Tg = 
(Tg + Tq) Cy. 

The use of this network is particularly advantageous at high gain S, to suppress power line hum arising in the 
grid circuits in the presence of high resistance vacuum photoelements. 


Let us write the characteristic equation of the closed loop (with the ratio WeT, > P applying in practice), 
putting W), = 0: 
en J (Ty +T,) + PT,T, " PAF Cy 470 yp 
: ks P IT,T, 











T w 
e} ee anit (18) 
v Jey, ? + ORe, 


The stability condition of the circuit is 





r fd (Ty FT )+ PTT WNIT FP +T)) ow \ 
. ITT: 8 : 
[J (T,+T7,) + PT,T,} 
be ITT, ar 


(19) 





Similarly to the above, the roots of the characteristic equation may be found, Strictly speaking, to investi- 
gate the dynamics of a compensator with stabilization networks, attention should not be limited to the characteristic 
equation Sut the transfer function of the total system should be taken into account, since the factor Typ + 1 appears 
in its numerator, However it can be shown that in the ordinary range of frequencies in the compensator (0-10 cps) 


* The photoelectric compensator circuits not recommended by the present author are shown in Fig, 1 by broken lines. 
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this limitation is hardly essential, Therefore, for synthesis purposes we represent (18) in the form 
(p? + Bip + B,) (p + C) (p + D) = 0. 


(20) 
For the integrating network usually 
T; » Ty, (21) 
PT, > J, (22) 
A _It+PT, 23 
5 |G 6 he de Y (23) 
B, + B, (C+D) + CD = 5, = Ay, (24) 
y 
yi, _ Wats (25) 
B,(C + D) + BCD = TTT, 

Ww 

xe glaee 
BCD = TTT,’ (26) 


The coefficients A; and A, are given, Putting By = C = aA,, we obtain D = A, (1 — 2a), By = kpBY = kya ?A :. 
As a result, substituting in (24), we obtain 


k,a*A? + aA? (4 — a) + aAj (i — 2a) = As. (27) 


Finding the smallest value of a from (27) and substituting B,, Bz, C and D in (25) and (26), we obtain two ex- 
pressions to determine the constants T, and T, with given We. 


If a differentiating netwotk is used for stabilization in the galvanometer circuit, then 


he =e Tarr, Ta = egg 
Then the simplifying assumptions (21), (22) may be found invalid, and therefore for synthesis purposes it is 

necessary to consider the coefficients of Eq, (18) in general form, In this case to solve the system it is most suitable 
to use a method of successive approximations, For example, assigning a = 0,1, k, = 1 and B, = C, we obtain from 
the first of the two equations [of type (23) and (24)] the numerical values of A, and T,, and thus of all the remain- 
ing coefficients, Substituting the expressions obtained in the last equation, a certain difference is found between the 
left- and right-hand sides, Changing the value of a, we find the new values of the coefficients forming an equation 
of type (26) identically, Finally, the constant T, is found from the next to the last equation, 


Synthesis of Photoelectric Compensators with Flexible Feedback 





A photoelectric compensator with flexible feedback is an interesting instrument, analogous to the well-known 
electronic integrator circuit, 


The principle difference consists in the substitution for the input stages of the vacuum tube amplifier of the 
photooptical converter, which permits integration of vanishingly-small input signals ( ~107* v), Particular interest 
is presented by the application of this type of instrument to measure small magnetic fluxes [10, 11}, 


In this case formula (2) takes the form (see Fig. 1) 


T 28 
key (Pp) = Tori ’ ( ) 


where Ts = rytgCy, Tg = (fz + fg) Cy. 
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The transfer function of the closed loop of system (1), using a stabilization network with transfer function (17), 
taking into account (28), has the form 


I(p) _ ky (1 + Tip) (1 + Tap) 
ex(p) (Jp? + Pp + WA) (1+ Typ) (4+ Tap) + Top) + KT op (+ Tip) * (29) 








Similarly to the above, the greater of the constants T or T, should be substituted in formula (29). Putting 


Wy = 0, which, as can be shown, is equivalent to the simple dropping of integration “creep,” we obtain the charac- 
teristic equation 


JIT, (T2 + Ts) + T2Ta (J + PT,) 
4 y y ' 
P |p + IT TT. Pp 
IT, + PT2T4-+ (J + PT,) (T2 + Ts) 
IT TT 4 
kyT;T3+ P (Ty +T2+Ts) +J k,Ts+ P 
a = QO. 
IT ,T2T 4 P JIT TT 4 








p? (30) 





The difference in the system dynamics from those of an ideal integrator is due to the expression in square 
brackets, In this case the stability condition will be the inequality* 


T, Ty + 7, (J + PT) {lJ + P(Ty + TOIT; 











(31) 
— UTy +74 (J + PTy)}} — kpJTyTT4T, > 0. 
In the absence of a stabilization network (T; = T, = 0) Eq. (3) takes the form 
PT,T.+- J (Ty + Ts) J+P(T,+T7,) k,Ts 
y y y pe 
am IT, P Tf. ? * ary,-° (32) 


We shall consider T, and T, prescribed, since the constant T; is given by the desired transfer factor of the in- 
tegrator while T, is rigidly related to Ts. In this case the synthesis by Eq. (32) in no way differs from the above in- 
vestigation of Eq, (8) formulas (10)-(16)}, The role of W, is here played by Kp: 


In the general case, to increase kp» it is necessary to employ stabilization, Representing (30) in the form (20) 
and taking into account the remarks concerning inequality (31), we obtain 





ee See ay NT eg A, (33) 
B,+B,(€+D)4+C - oz Ay. (34) 
Bs (C + D) + B,CD = wert (35) 

B,CD = rrr, ‘ (36) 


Since coefficients Ay and A, are prescribed, the calculation of the system is analogous to that based on Eq. 
(18) for the compensator system with rigid feedback [Eq. (20)-(27)}. 


In conclusion, let us consider an example of photoelectric compensator calculation, 


Let it be required to calculate a photoelectric compensator to stabilize a voltage, maintaining the output 
voltage constant over a long period to a precision of 0.002%, by means of stiff feedback. The galvanometer used 
for constructing the system has the following parameters: J = 0,2 g-cm’*; P = 80 d- cm-sec; Way = 3 d-cm/ad. 


* In composing (31) the following, practically always valid assumptions were made: KpTs > P, Tz > Ty, Te > Ty, 
kpT,Ts; > P(Ty +T: + T,) +Z, 
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The time constant of a cadmium-sulfide photoresistance Ty= 0.01 sec, To provide the required output voltage sta- 
bility the value W, calculated by the method described in (2) should be not less than 45,000 d-cm/rad, 


As is evident from formula (9), without the use of a stabilization network the system will be unstable. Stable 
operation of the system at maximum speed can be obtained by using a differentiating network in the galvanometer 
circuit, However here the galvanometer circuit will have an additional resistance and to obtain the required value 
of W, a further increase of amplification will be necessary, Therefore, limiting ourselves to the use of an inte- 
grating network and putting k, = 1, we obtain from (23), (24) and (27): Ay = 500 sec™*; A = 40,000 sec™*; a = 0.09; 
By = C = 45 sec™*; By = 2,000sec™*; D = 410 sec *. 


On the basis of (25) and (26) this gives T, ~ 0.6 sec, Ty ~ 0.05 sec, 


Now the damping time calculated from the approximate formula (16), td » 0.14 sec, The actual damping 
time of the system constructed on the basis of the above calculation was about 0,12 sec. 


CONCLUSIONS 


The synthesis of photoelectric compensators with prescribed response rate can be realized using prescribed 
distribution in the complex plane of the roots of the characteristic equation of the closed-loop system, This method 
leads most simply to design formulas for the stabilization network parameters, 


Those stabilization circuits for the photoelectric compensator can be recommended which use an integrating 
network at the input to the vacuum amplifier (circuits with stiff and with flexible feedback) or a differentiating 
network in the galvanometer circuit (circuits with stiff feedback), 


The author expresses appreciation to S, G. Rabinovich for the valuable advice, 
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ations of the abbreviations as given in the original Russian journal. Some or all of this peri- 
odical literature may well be available in English translation. A complete list of the cover-to- 
cover English translations appears et the back of this issue. 
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TO THE NONLINEAR ACTION RESULTING 
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Original article submitted April 6, 1961 


We examine the realization of the principle of invariance in the case of the nonlinear action Y = 
—Agin(Df) resulting from the disturbance f(t), We show that to compensate for the distrubance 
we must provide a nonlinear transducer in a parallel channel, which supplies a trapezoidal signal. 
We formulate the conditions which assure the realization of the principle of invariance for 
the given class of systems, 
The theoretica! analysis is verified by means of an electrical model, 


Following the theory outlined by Academician B, N, Petrova [1] we examine the possibility of realizing the 
principle of invariance in the case of a nonlinear disturbance f(t) acting upon an object that is subject to regula- 
tion, 


We will assume that the system whose structure is outlined in Fig, 1 exists, This system contains a parallel 
channel which has been built for the purpose of compensating for the action Y = ¢(f) resulting from the disturb- 
ance f (t), 


The dynamic properties of the elements in the parallel channel are given by the following equations: 


for the measuring element 
Py,Y, = Qy,f (t), 


for the nonlinear portion of the transducer 
Y2 or y (Y3), 


for the linear portion of the transducer 


Py; hep Qys¥o, 
for the regulating element 
P72, saa Q7,%; : 


where P, and Q, are polynomials obtained from the differential operator D = d/ dt, 


It follows from these equations that the action Z, in the parallel channel ,upon the regulated object resulting 
from the disturbance f (t) is given by (for X; = 0) 





Q7, 23 (aa ) , 


1= Pz Pys *\Py; (1) 


Invariance of the regulated coordinate X with respect to the disturbance f (t) will be assured if 








Orv, /Q 
Z=¥+%=9() + pp ¥(p/)=0. @) 











Equation (2) will hold if the two conditions 





Qz1 Qy: 
Q7,Qyv3 = — Pz, Pys or P,, Py, =k (3) 
and 
Qy Q 
v=—v(ps) er v(n=—bo(5"/) (4) 


are fulfilled simultaneously, 


Condition (3) states that the transfer function.of the linear portion of the transducer element must be an inverse 
transfer function of the regulatory unit (or element), In order to fulfill condition (4) the transducer must create a 
nonlinearity of the same form as that of the nonlinear disturbance acting on the regulated object. 


One of the nonlinear distutbances acting upon the regulated object that is often met with in practice is of the 
form 


@ (/) = — Asign (Df). (5) 


Equation (5) determines, for example, the resultant action due to dry friction in the support (with a degree of 
accuracy that is adequate for engineering calculations), 


In that case,in order to satisy Eq. (4) we must have 













































































(6) 
Qy1 
) mt = cD, 
where c is a constant coefficient, 
g\fit)) =~ 
t{t) 4 z1a.\2 y(t) 
) ~ 7 
2, - 
a Oy, | 4 
Oy 
Pry 











Fig. 1. Block diagram of the system. 


We can realize condition (6) in many ways, The basic method involves the use of a measuring device whose 
signal is proportional to the derivative of the disturbance f(t). However,actual differentiating elements (differentia - 
tors) usually possess inertia, therefore we must have an active forcing circuit at the output of the measuring device. 


In the majority of cases the regulating element of the system is an inertial element and therefore an active 
forcing circuit at the transducer output is required in order to fulfill condition (3), 


If we use a circuit containing electron tubes and semiconductors it is not difficult to obtain the nonlinearity 
defined by Eqs, (5). However if we do not satisfy Eq. (3) precisely or if the parameters of the elements involved 
change during operation we may get a phase shift in the phase of Y or Z, that will differ from 180°, As a result of 
this we get an impulse, due to the total action of the disturbance, of amplitude 2A. 


It is therefore more desirable to design a transducer which supplies a nonlinear trapezoidal signal, In the latter 
case even though we cannot avoid the action of the total disturbing forces upon the object their amplitude will not 








significantly exceed A, Also,for every change in the sign of Y, we will have two impulses of opposite sign, one after | 
the other, 


The theory outlined above was verified by means of the electronic-analoy (electronic model) device EMU-8, 


yit) 




















Fig. 2, Block diagram of the electronic model of the problem as set up on the EMU-8. 
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Fig. 3, Oscillogram of the disturb- Fig. 4, Oscillogram of the disturb- 
ance f(t) and the action Y(t) of the ance f(t) and the action Z,(t) of the 
regulated object when the disturb- regulated object when the disturb- 
ance is applied to the original chan- ance is applied to the compensat- 
nel, ing circuit, 


The measuring element was modeled by a real dif- 
ferentiator having the transfer function 


if »_ __—iyD 
j W, “ oa +i’ 
Fig. 5. Oscillogram of the disturb- where k, = 7.5 and T, = 0,02 sec, 


ppp: eith daness one gy In order to satisfy condition (6) we place a focusing 
noo nsating signal circuit at the input of the measuring element, The trans- 
“ ” dedi fer function of the measuring element is 


Wi = ka (T1D + 1), 


where ko = 0,133, 


Qy 
Therefore | WW. = 
Py, Ws kykaD. 
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The signal from the nonlinear portion of the transducer is selected by the trapezoidal form. The linear part 
of the transducer output is represented by a forcing link of the first order, 


Qys 


where ks = 0,895-10~* and T, = 0,05 sec. 
The value of the transfer function Qy,/ Py, is determined from (3). 
We took as the transfer function of the regulating link: 
Qn hk 
Py, TsD+i ' 
where k, = 1,12 - 10°. 
The schematic diagram of the electronic analog (model) for the problem is shown in Fig, 2, 


As the external disturbance f (t) we took a harmonically changing signal, The effect upon the system of the 
action of the disturbance along the original channel is shown in Fig, 3; the signal created by the compensating chan- 
nel is shown in Fig, 4. 


The oscillogram (Fig, 5) when the disturbance is applied to both channels shows that condition (4) is fulfilled 
assuring complete compensation over the greater portion of the period for the disturbance, 


Experimental verification showed that under the action of random disturbances (i,e., of disturbances with a 
random character) and the associated conditions of exploitation of the system,the presence of a compensating chan- 
nel cuts the mean dynamic error in half even when condition (3) is not precisely satisfied, 


CONCLUSIONS 


In order to compensate for nonlinear reactions to disturbances affecting the regulated object it is necessary to 
introduce a transducer into the parallel channel which possesses the same type of nonlinearity, In addition the trans- 
fer function for the parallel channel (from the nonlinear element to the regulated object) must be equal to k (where 
k is a constant), 


If the disturbance f (t) is equalto A sign (Df) the parallel channel should provide a trapezoidal signal, 
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In this paper we examine the questions associated with the bases underlying an approximate method 
of investigating transient processes in post-action automatic control systems (ACSF), In this 
method we take into account only a finite number of non-asymptotic roots A j G = 1.2,....m) of the 
characteristic quasipolynomial [1]. The latter has,generally speaking, an infinite number of roots. 
In this article we evaluate the influence upon the transient process of the neglected roots, We will 
also study the questions involving the phenomenon of “heredity in (ACSF). 





1. Qualitative Theorems Regarding the Evaluation of the Increase in the Solution of 
the Differential Equation of a Retarded Variable and its Application to the Approx- 





imate Study of Transients in ACSF 





The theorems regarding the evaluation of the increase in the solution of the differential equation of a re- 
tarded variable of the form 


n 
y(t) + >) fay" (+ by") (¢— = £0, (1) 


v==] 


where a, and b,, are constant coefficients and r,, satisfies the inecuality0 < r, = 6 < o stated in E, Pinny’s 
book [2] give us extremely useful information regarding the behavior of the solution y(t) ast > «, We will state 
these theorems without proof, 


Theorem 1, (E, Pinny), Let us consider an equation of a retarded variable of the form (1) for which the con- 
dition y(t) = ¢(t) is satisfied over the initial interval -5 = t< 0 where ¢(t) is bounded, satisfies the Dirichlet con- 
ditions and is a (n-1)st differentiable function, In addition we are given the value yv Y(t) (v = 0,1,,..,m-1) to en- 
able us to fix the point ty. Further, f(t) and its derivatives and y’ (t) increase less rapidly than 





IMI M (142) ef for 1>0, 


: P (2) 
If @Ml< Mo*(4 + ~) e* for t>0, 


| y(t) |< Ma"-” for —t8 qt <0, 


where k, M = 0,and p = 0 are constants, Then Eq. (1) has a unique solution y(t) which can be represented as the sum 
of elementary solutions: 


y(t) = >) Pye’. (3) 


i=1 


Here the P(t) are polynomial with arbitrary constant coefficients of degree one less than that of the root 
ri and the summation is taken over all roots of the characteristic equation 
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™ 
A" +S) [a A"—" +6,a"—" et] =O, (4) 


v=! 


Further if in formula (3) we sum only over a finite number of roots A ; of the characteristic Eq. (4), including 
all roots whose real part is =k, then the remainder of the series is of the order 


mar—(1 4) (5) 


Results of theorem 1, Let f(t)= 0. Then,if in the formula corresponding to (3) the summation is carried out 
only over a finite number of roots 4 ; (j = 1,2,...,m) of the characteristic Eq, (4),then the remainder is asymptotic 
with respect to t and approaches the terms or terms in the neglected part of the series whose exponents have the 
largest real part, 





Theorem 2, If the differential-difference equation is an equation with a retarded argument then there exist 
not more than a finite number of roots of the characteristic equation whose real parts exceed any previously-assigned 
number, 


On the basis of the cited theorems we can affirm that if all the roots of the characteristic Eq. (4) have nega- 
tive real parts and the summation in (3) is taken over a finite number of roots A j (j = 1,2,...,m) of the characteristic 
Eq. (4) then the remainder of the series (5) consists of rapidly diminishing terms, We know that the characteristic 
Eq. (4) has so-called non-asymptotic and asymptotic roots, We call the non-asymptotic roots of the quasipoly- 
nomial those which are located near the axis of coordinates of the complex plane, In addition to the finite number 
of non-asymptotic roots the characteristic quasipolynomial has a “chain” of more or less evenly distributed roots 
which continue on to infinity, These roots are called asymptotic roots. Thus the cited theorems permit us to evalu- 
ate the influence of the neglected roots upon the solution y(t). If the roots have negative real parts then the re- 
mainder of the series consists of rapidly diminishing terms which approach zero more rapidly than the terms corres- 
ponding to the non-asymptotic roots, The formula for determining the asymptotic roots of the characteristic equa- 
tion, in the case where a more precise determination of the transients is required, is contained in [2], With the aid 
of this formula we can always calculate the effect of the neglected terms which influence the transient only at the 
very beginning of the oscillatory process, The theorems cited can serve as the basis of the approximate method of 
studying the transient processes in stable ACSF which was used in [1]. 


2. The Phenomenon of “Heredity” in Post-Action Systems 





Processes involving post-action are usually called dynamic processes; they are observed in automatic control 
systems with delays, By delays in ACS we mean the time interval (which in principle always exists) which the 
system requires to react to the input pulse(the reaction time), Post-action automatic control systems include sys- 
tems with delays and systems with distributed parameters which are described by means of differential-difference 
equations and partial differential equations, However, quite often in the case of partial differential equations we 
obtain after linearization of the differential equations a system of differential-difference equations [4]. Post-action 
systems are characterized by the fact that the speed of the process is determined by the preceding state of the sys- 
tem, We thus encounter the phenomenon of “heredity;" we will show later that the question of the role played by 
the initial functions is closely associated with this phenomenon, The question of the role of “heredity” in systems 
with delays was investigated in [5] for the case of small delays, It was shown in [5] that for some types of equations 
with sufficiently small delays there is a relaxation of the “heredity” i.e.,of the preceding state of the system, For 
example, for equation 


y(t) + by (t— 1) = 0 (6) 


there is a weakening of the influence of “heredity” with time (see [5], page 732) for the condition 
i (7) 
*<Tole’ 
There is a weakening with time of the influence of “heredity” only for those ACSF for which, generally speak- 


ing, it is not the delay itself which is smaller,but the product of the modulus of the coefficient of the delay term 
and the delay time, 
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For example, for Eq. (6) the condition 


{ 
tIb]<—. (7a) 


must be fulfilled, 


However we can easily show that for many ACSF the inequality similar to (7a) which guarantees the relaxa- 
tion of “heredity” is often unsatisfied, In particular this occurs in ACSF with optimum parameters which are des- 
cribed by first-order differential equations with retarded variables, 


Let us consider the simplest example which fulfills the optimum aperiodicity criterion [1]; here the relation 
between the parameters which assures optimalization from the point of view of the stability of the regulation process * 
has the form 


the —1=0. (8) 


This condition is determined by the optimum value of the delay, 


1 9 
Topt= be ° (9) 


When this condition is fulfilled the characteristic equation 


d+ be~** = 0, (10) 


has, as is easily seen, two equal negative roots 


The solution corresponding to these roots, for the condition y(t) = ¢(t) over the interval [—T , 0] and for y(0) = 
Yo» found by the operational method, is of the form 


yi=|¥~—(w—rym)tle 7 a1) 


where 


0 
¥(s) = \ @ (t) e~ “dt. 


t 


For the case where the usual initial conditions are given, without taking the “heredity” into account, g(t) = 0 
for ty-T St & to, y(t) = yo. We Can easily see that we will have only a partial solution of the form 


1 
y(t)=yote * 4! a2) 


This solution cannot completely characterize the transient which occurs in the case where the initial function 
¥(t) is given, It follows from the theorems cited above that relaxation occurs only for the elementary solution cor- 
responding to the asymptotic roots of the characteristic equation, 


I wish to express my indebtedness to B, V. Shirokorad for his valuable advice which was of great assistance to 
me in writing this article, 


* In this case there is practically no over-regulation of the transient and the damping time is minimal, 
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METHOD OF SOLUTION OF MULTIPLE-LOOP 
SAMPLED DATA SYSTEM EQUATIONS* 


I. M. Burshtein 


(Moscow) 

Translated from Avtomatika i Telemekhanika, Vol, 22, No, 12, 
pp. 1689-1693, December, 1961 

Original article submitted January 26, 1961 


A method is suggested for finding the Laplace transforms and the discrete z-transforms in a sampled 
data system having an arbitrary structure and a periodic program of pulsed element closings, The 
initial system {s transformed into an equivalent synchronous system and is described in transform 
theory by a complex of nodal equations, The nodal equations are solved by means of definite rules, 


1, Introduction 





The simultaneous existence in pulsed systems of continuous and discrete signals makes it very difficult for us 
to obtain the necessary transforms. In order to obtain the discrete Laplace transform at the output of a single-loop 
pulsed system G, R. Stibitz and C, E, Shannon [1] introduced several severe limitations upon the transients in the 
forward and feedback points, An analogous problem for single-loop systems, where no additional limitations were 
imposed, was solved by Ya, Z, Tsypkin [2] by applying the external action to the output of the pulsed elements (PE), 
Later D, Ragazzini and L, Zadeh [3] compiled a table of transforms of the output signals for typical single-loop sys- 
tems containing one or several PE, Ya, Z. Tsypkin [4] obtained a formula for the discrete transform of the signal 
at the output of a single-loop multiple circuit system with several nonsynchronous PE. In order to find the a-trans- 
form at the output of a single-loop system with several PE where the closure period was an integral ratio G, Kranc 
[5] made use of the structural transformation to reduce the program of closed and open intervals of the PE to a single 
period, However the solution of the equations obtained for the multiple-loop system was obtained in a very complex 
manner, by expanding the transforms in infinite series using a special formula, The method of writing the equations 
for a multiple loop system with several nonsynchronous PE is indicated by Ya, Z, Tsypkin [6]. It is assumed that by 
using open loop branches at the inputs to the PE the initial system becomes an open pulsed system with a common 
continuous part and an equal number of inputs and outputs; therefore we consider that the extemal action is referred 
to the inputs of the PE, 


In the present paper we consider the problem of determining, by algebraic means, the z-transforms for a 
sampled-data system of arbitrary structure with many PE,each of which opens and closes according to an individual 
program, There is a general repetition rave which is uniform for the system, 


The structure of the system is determined by the number of loops which interconnect, in a definite manner, 
the various branches of the direct (forward) path; each branch may be paralleled by its own feedback loop, In each 
loop there is an algebraic addition of the signals which arise from within the system or from other branches of the 
system; the resulting signal is transmitted to all the branches leaving the point [7], The branches of the linear 
pulsed system can contain amplifiers, continuous filters, delay elements, PE, discrete filters and devices for convert- 
ing discrete signals into continuous ones, 


2, Pulsed System Synchronization 





Let T, be the repetition rate of the program of closures and openings of the PE of the system. The problem 
of finding the transforms of the applied signals becomes an algebraic problem after the transformation of the ori- 
ginal sampled data system into an equivalent system where all the PE close synchronously and the repetition 
period is Ty. 

* Presented May 27, 1959 at the Seminar on Automatic Regulation Theory which was presided over by Academician 
B. N, Petrov, The Seminar was sponsored by the Institute of Automation and Remote Control of the Academy of 
Sciences of the USSR. 
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Let us replace each programmed closure of a pulsed element by a system of parallel branches, Each branch 
models one closure in the program and consists of lead elements in series, PE with period T, and delay elements 
(elements which introduce a lag); the lead and the lag are numerically equal and are calculated from the start of 
the period [5]. 





























Fig. 1. 


As an example let us synchronize the system shown in Fig, 1a where the PE 
are closed in accordance with the sequence diagram (program) shown in Fig. 1b. 


Let us replace PE, of Fig. 1a by two branches according to the rule indicated above; 
a o-——{w,, } 2 
i x 


we then get the synchronous system shown in Fig, 1b where all the PE are closed in 
boy-——o“o_[Vix +g synchronism, The repetition period is given by Ty 


We can extend our concept of the programming of the operation of the PE if 
e we assume that the closure of the PE immediately precedes the programmed switch- 
Fig. 2 ing of the PE output to another shaping device or discrete filter, In that case each 


branch of the equivalent system that models the sequential closure of the given PE 
is similarly supplied by the corresponding shaping device, 


3. Method of Solution of the Loop Equations of the Synchronous Sampled Data System 





We will use the following designations: x, = the Laplace transform of the signal in the k-th loop, x)? = the 
z-transform of the signal in the k-th loop which has a repetition rate of T,, F, = Laplace transform of the extemal 
signal applied to the k-th loop, Wj), = the transfer function of the branch connecting the i-th and k-th loops, 


There are, in a synchronous pulsed system, three basic types of branches (Fig. 2): a) branches which do not 
contain any PE; b) branches which contain only an amplifier between the initial loop and the PE*; c) branches 
which contain other linear elements in addition to the amplifier between the initial loop and the PE. 


Therefore, for a synchronous pulsed system with n-loops we can write the equation for the k-th loop in the 
form 


ry = >) Le Wint 2iVin + (Pix) Qinl + Fy, (1) 


i=1 


where Vj, Pj,,and Qi, are transfer functions of the portions of the branches as shown in Fig. 2. 


* The coefficient of amplification of the initial part of the branch (Fig, 2b) takes on a unique form in order to simp- 
lify the succeeding equations, This does not destroy the generality of the procedure, 
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Writing the system of equations for all the loops in the system, and transferring the expressions of the type 
x;Wi, to the left side, we get 


n 


(1+ Wy) + Wat... +2,Wap = >) (eV + Pag) Qi) + Pa 
—_ 

Wis + (1 + Wa) +... +2,W,, -¥ [25 Vig + (2:Pig) Qigl + Fa. (2) 
i=1 


oe 2° 0 2 € ee $e © © 6 OHO.» -0-. 0-6 @4R O44) 0. BOO -O~- —~ 0 Ie -o 


“Win t mW, +-- + Tn (f +W ae (2 Vin + (%; Pin) Qinl + F,,. 
i=1 


Solving the systems of Eqs, (2) for x3, Xg, Xg,....X,, We get 


=> S Any {y) (zi V ing + (@P ix) Qed + F, , 


k=1 i=] 
a aiitt i DE {> (2; Vin + (2jPin) Ql + Fy , (3) 
=1 i=1 
{ nm n 
=, == D Aun { >) (iV in + (ae? ix) * Qual + Fxh 
k=1 i=1 


where Ajg, Akgeoses Ay are the minors of the determinant D of the system (1). 


We will now supplement the system (3) with the requisite number of differential equations, In order to do 
this we will multiply each equation of the system (3), for example for x, successively by Ppy, Pnas..-»Ppn. We 
then obtain the equations 





P n n 
“Pu = D Any {S [zp Vig + (epPin) Ql + Fy} ’ 
k=1 i=1 
ais aia re acs f PEE te he et Guede Ud. vO. 3) asi c8'be Shula ey 6 
mP i, —_ ae >) Ae Ay (2; Vig t (% Pix) Qixl + F F,}. 
k=1 i=1 
ES A a a a ae (4) 
Pa = 7 
fgPua = re Am 4), [24 Vig + (Pin) Qiel + f 
k=1 i= 
Pan < ke: Sam 
TP an = Dp A {> (ti Vin + (ziPix) Ql + ¥ 
k=1 i=] 


Obtaining the z-transforms of the equations in systems (3) and (4) we get a system of n(n + 1) equations for 
n(n + 1) unknowns of the form x; » (xP): 


. | - *s- E 
== lz D An 1d [ei Vin + (Pix) inl + Fy} 


k=1 i=1 


(5) 


2, = la >} Agn ly lziV ig + (@Pin)” Qin + F,} 


k=1 i=1 
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(4Pu) = D >) Ax, >; (2; Vin + (2qPin) Quad + r,}| ’ 
k=1 i=1 








t=1 i=1 
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k=1 i= 
o Pon d a - . 3 
(tP an) =| Dp 2) Ann {>} (ziVixg + Pix) Qual + F,} 








k=] i=1 


We now apply the relation 
[A° (z) B(s)]° = A’ (2) B’ (2), (6) 


derived in [3} we open the right sides of Eqs, (5) and solve the system (5) for xf " (x4Pi))? We then take the expres- 
sions for x; (x,P;),¥and substitute them in Eqs, (3) and find x4, Xg,....Xp- 


As an example let us find the z-transform for the signal in the second loop of the system shown in Pig, la;the 
equivalent synchronized system is represented by Fig. 1c. 


For the latter system we write the equations of loops 1 and 2, 


Ss ees xyWy — 2,C _— 2B — «,D — (xge**)* De~** + F,, (7) 


ay = 2H — 21 J — We, — 25K, 


where H, J, K, B, and C denote the transfer functions of the branches (Fig. 1c) and r is the value of the lag or lead 
which is introduced in accordance with Fig. 1b. 


Let us now introduce the abbreviated designations 
A=1+Wy, P =e*, Q = De~**, 1=1+ Wa. (8) 
The system of Eqs. (7) may now be written in the form 
2A + 2B = —2,C — 2,D —(22,P*) Q + Fi, —2,H + ml = 2,J —2,K. (9) 


Solving (9) for x; and x we obtain the first two equations of system (10), Multiplying the second of these 
equations by P, we obtain the third equation and thus system (10) becomes complete: 


~BJ+Cl .BK—DI Ql Fil 











1 = —*, 47 — BA + *2 al —BH — *")* A7— BA t+ AT— BA 

~-AJ+CH .AK—DH HQ Fil (10) 
t= 2, 47 — BA ~ "2 Al — Ba + *?)* AT—BA t+ Al— BA’ 

.(AJ-+CH)P  .(AK—DH)P HPQ F\HP 


2,P = 2, 47 —BH —*. al — BH + (?)* a7—BHt AT— BA 


Let us now introduce the abbreviated designations, remembering that PQ = D: 


. a ] “ rf + 
oni +(4r~ sn)” » = (57 ee) e=(47m)- ¢=(ar—pH): 





e= (Gta) 1=1+(SrSme) «=(aron)» *=(aron) - 
(= (Gres |. 1=[Saaat). &=*— (arn) == (aren 
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obtaining the z-transform of Eqs, (10): 


xia a rab + (t2P)'c =d, 


—xie+ xf —(xgP)'g =h, (12) 
—x,i + x5j + (apP)k =m. 
From Eqs, (12) we obtain the z-transform of the output of the sampled data system (Fig. 1a): 


° ahk +- agm +- dek 4+- dgi — cem + chi (13) 
2 afk + agj — bek — bgi — ce; +- cfi 





z. 


The letters in (13) are defined by the transfer functions of the system in agreement with (8)-(11) (Fig. 1a). 


If we need to obtain the Laplace transform of the signal in loop 2 (Fig. 1a), then we must find the expressions 
for x; and (x,P)* from the system of Eqs, (12). The latter,and also expression (13) for x3, are then substituted in 
the first of Eqs, (10). 


In conclusion we wish to note that in the last few years papers [10]-[12] have appeared in the foreign press. 
They are devoted to the solution of the problem of finding the transform of the signal in multiple-loop pulsed sys- 
tems by means of the basic methods of topological theory of continuous systems in a manner similar to the one that 
was worked out by S, Mason [8, 9]. Let us stop with the latest and most voluminous paper by G. Lendaris and E, Jury 
{12],which appeared after the completion of this paper. 


For multiple-loop pulsed synchronous systems,equations for the transforms of the output signals were obtained 
heuristically, The authors indicate that the accuracy of their results remains unproved., The authors have also not 
made clear the class of systems to which these results apply unless they may be generally applied to all systems, 


In the part entitled "Discussion," G, Lendaris introduces (as a new method) a method of solving sampled data 
systems that is entirely analogous to that which is noted in the introduction to Ya, Z. Tsypkin's method [6]. Also 
G, Lendaris’ method is less general since he assumes a synchronous pulsed system, 
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A REVIEW OF THE BOOK"ADAPTIVE CONTROL PROCESSES* 
A GUIDED TOUR" BY RICHARD BELLMAN 
(Princeton University Press, 1961) 


A. M, Letov 


Translated from Avtomatika i Telemekhanika, Vol, 22, No, 12, 
pp. 1694-1697, December, 1961 
Original article submitted 


The expression “adaptive processes" appeared for the first time some six or seven years ago; it is most likely 


that it originally came into being in connection with the announcement by Norbert Wiener of his main cybernetic 


tenets, namely that the laws of control are identical whether they apply to machines or to living organisms, It is 
possible under certain conditions to anticipate human reaction, or to predict, given a goal, what path should be fol- 


lowed in order to attain it, 


It is thus possible, given sufficient time, to consider for example most carefully some feasible decisions and, 
by noting their merits and demerits, to choose the optimalone, Such analysis, however, is often out of the question, 
A skier, for instance, racing down the slope,cannot stop to consider the “pros” and “cons” of all the routes as there 
is simply no time to do it, In a case like that all he can do is to trust his intuition and choose the track (within the 
permissible limits) and the speed which seem to be most suitable, Bh is a well-known fact that in a race like that 
only those will be successful who have managed to develop during their raining and their tests a powerful insight 
and ability to adapt themselves rapidly to actual conditions prevailing in a particular contest, 


Should the skier fall down, this would be regarded as “sheer bad luck” caused by conditions beyond his control 
and outside his adaptive ability operating in normal and usual conditions, Such reasoning will help us to understand 
what causes one skier to win and another to lose, especially as this is all that is expected of us when watching these 
most interesting sporting events, 


It is a different matter, however, when by making use of Norbert Wiener's concepts we try to describe in pre- 
cise mathematical terms: 


a) the object under control 

b) its adaptive capacity (or ability) 

c) the goal to be attained 

d) the algorithm and the way of reaching the goal. 


Here the difficulty lies in the fact that the mathematician has to state everything in precise and unambiguous 
terms. A skier has no need of accurate definitions, Nature has equipped him with an adaptive algorithm; it will be 
of no advantage to him to know its precise formulation since he can perform his tasks very well without knowing it. A 
theoretician, however, will not be satisfied with just reaching the goal. He will want to know the actual process of 
reaching it and also whether it can be replicated at will under given conditions, We shall see in the sequel that 
more than mathematics is needed here; the mathematician must familiarize himself with physiology and in parti- 
cular the physiology of the brain. 


The book under review is, as far as we know, the first in which an attempt has been made to express adaptive 
control processes from a mathematical angle in an abstract and precise manner; such processes may arise in a priori 
or not a priori (game-theoretical) situations and with various types of regulation, 


A pedantic reader will probably find some weak points in the book; he could, for example, say that it is more 
of a rough sketch than a full portrait, Personally, I consider the book as the first endeavor to give an accurate ex- 
position of an investigation method which until now has not been sufficiently understood — and I am fascinated by 
this “portrait,” 
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We know Richard Bellman as the author of a new method of analysis and synthesis of control processes, namely 
of dynamic programming, The present book is a version,edited by the author,of a series of lectures delivered by him 
on the theory of adaptive processes; the lectures aroused interest in wide circles in his country — among the scientists 
as well as engineers, and the personnel of aircraft companies in particular. The book may be regarded as a sequel 
to his previous book "Dynamic Programming” translated into Russian and published in this country in 1960 with N, N, 
Vorob’ev as editor, The new book can be recommended without any hesitation to all those who wish to study modern 
mathematical methods of control processes in whatever field of application. 


The aims of the study are formulated in chapter L The author is interested in physical systems which can be 
described by means of ordinary differential equations or by integro-differential equations, with hereditary influence 
also sometimes taken into account, Here the “criteria of performance” are introduced as criteria of optimality. The 
author formulates the so-termed classical and nonclassical approach to the calculus of variations in the case when one 
can distinguish the control function in the system. In one case a variational problem with a nonanalytic functional 
as its performance criterion is pointed out by the author. 


Reviewing various problems, the author remarks that though they are within the domain of the classical cal- 
culus of variations, it is nevertheless preferable to apply to them different mathematical tools in order to arrive at 
solutions, What he has in mind, judging by the subsequent chapters, is his dynamic programming method. 


The second chapter starts with the author emphasizing that a differential equation 
t=g(z)  2(0)=¢, 
when it has a unique solution for any given c,determines the transformation group 
x= x(t, c) 


of the space of {x}. This idea used by Poincare, Lyapunov, Andronov, Pontryagin and others, is introduced in con- 
nection with dynamic programming. The derivation of functional equations based on this theory is illustrated by an 
example of the vertical motion of a material point. The forming of functional equations describing multistage proc- 
ess is given in chapter III, In chapter IV the methods are described of solving classical or nonclassical variational 
problems by means of dynamic programming. Continuous as well as discrete processes are considered. For classical 
problems it is shown that the functional equations prove equivalent to Euler equations, A functional equation is derived 
for the case of a nonanalytic functional of the Min Max |x | type. 


The difficulties encountered when solving functional equations in an analytic form forced the author to evolve 
four stages of a computational procedure for the numerical solution of dynamic programming problems. These pro- 
cedures form the contents of chapter V. Variational problems with integral constraints of the form 


T 
\ H (uv)dt =k 
0 


have recently been given a great deal of attention, 


This type of constraint is important when the value k characterizes the quantity of available energy, The 
author shows that dynamic programming methods are applicable in these cases if one uses Lagrange multipliers. 
This is expounded in chapter VI. 


In chapter VII a description is given of solving two-point boundary value problems, This kind of problem 
arises in control processes when an optimum control program must be established, in other words, an optimal free 
motion (in the Lyapunov sense) of the system takes place when under control. 


Chapter VIII is the last one as far as the deterministic control processes are concerned, First the definition 
is given of the term “sequential machines;* they signify mathematical systems consisting of 


a) vector I (ly, 19,0065 1,), called input; 
b) vector Q (Q4, Qs,..-s Qn); called output; 


Cc) vector X (Xy,X9»...,X,); called state of the system, 
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The vectors are interrelated by means of the following rules: 1)The present state x of the system depends only 
upon the past state and the present input; 2) the present output Q of the system depends only upon the past state and 
the past input. 


The basic problem as regards the sequentia] machines is as follows: to determine the current state of the 
machine from the information provided by the rules,assuming this state to be constant until an input I is applied, 
In the same chapter, dynamic programming methods are further developed and subsequently used in coin-weighing 
problems and also applied to logical systems, 


Chapter IX begins with an introduction of the concepts of uncertainty, of cause and effect, of probability of 
event, and finally of random processes, 


A special effort is made to elucidate the concept of causality and of a Markov process; the Chapman-Kol- 
mogorov equations are derived, These determine,in an analytic form,successive changes of the system in agree- 
ment with generalized causality. The equations are subsequently used to obtain the probability distribution of the 
subsequent outcomes of the random variable z. In particular, the behavior is studied of a multivibrator governed 
by the Van der Pol equation with a random forcing function, 


Chapter IX serves as an introduction to chapters X and XI in which random processes and discrete Markov proc- 
esses in particular are considered, The optimization problem is discussed and again dynamic programming is used 
to obtain its solution, As many of these problems can be reduced to nonlinear differential or differential-difference 
equations, certain approximate methods called “quasilinearization® are investigated in chapter XIL The approxima- 
tions are formed in the “policy space," these approximations having the monotonicity property. 


In chapter XIII an attempt is made to give a mathematical model of a living organism sequentially adapting 
itself to its environment according to the received information, These so-called “stochastic learning models” were 
studied by Bush and Mosteller and also by Flood and by Ashby to whom reference is made by the author. The proc- 
ess of adaptation to environment is approached as a multistage process which selects a particular alternative A; from 
the possible alternative actions Aj,,,., Ap; it is assumed that the model possesses at the initial stage the knowledge 
of the probabilities p;, p2,.... Pp Of the alternatives, 


In chapter XIV the behavior is studied of a system under control, ruled by recurrence relation 
Tati nap J (x, Yn r,s x (0)=c, 


where x, is the vector representing the state of the system at the discrete time n, y,, represents the control vector, 

Ip is an independent stochastic vector representing the applied force, As distinct from stochastic processes in chap- 
ter X, the probability distribution function of the vector r, is not in this context assumed to be known, Now, if a 
maximum or a minimum of a given functional is to be attained, a situation will arise which will subsequently be 
referred to as a “game against nature.” An exposition of the Borel-Neumann theory of games is given in this 
connection as a multistage process with dynamic programming terminology, which is then applied to the study of 
control processes, The pursuit of the object Q by the object P is investigated in particular, the following points being 
emphasized: 


1) minimum capture time T; 
2) minimum miss distance D; 
3) minimum miss distance D within a given time T, 


In chapter XV, the author outlines an approach to the concept of adaptive processes, In the foregoing chapters, 
he says, we have been able to judge accurately either a detemninistic state or the probability of such a state within 
a system of stochastic nature, What should one do in cases when the roles of transition from the initial to the final 
state rer.ain unknown? This lack of knowledge is classified by the author under three headings; he then goes on to 
say that the adaptive process presupposes some learning of the unknown, The author perceives the possibility of 
using such learning in control devices, by the storing of experimental results, The experiments should accumulate 
in a control device, The latter should be given the possibility of analyzing the experience and improving its per- 
formance, Such a controlling device should, of course, contain a “thinking machine,” This machine, however, 
will operate in accordance with an algorithm prepared in advance, as mentioned by the author, but it is still too 
early to compare it with the human brain, We are still too ignorant of how the brain works,even to start contemplat- 
ing the construction of a thinking machine. If we could combine the memory and the capability of the human brain 
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with the accuracy of a modern computer, we would then have an apparatus with which to tackle the main problems 
of this world, 


However, the author makes an attempt in chapter XVI to formulate precisely on an axiomatic basis the con- 
cept of optimal policy in adaptive processes, He first introduces the concept of information pattern representing the 
information about the past history of the process retained in order to guide its behavior in the near future. Having 
formulated the basic hypotheses, the author develops a method for obtaining functional equations of dynamic pro- 
gramming with the aid of which he is able to describe the adaptive process of a system in general and a controlled 
one in particular, 


To provide a simple iliustration of an adaptive process, the random variables r, are taken such that they will 
assuine the values r,, = 1 with probability p, and the values r,, = 0 with probability 1 —p. 


It is assumed that the precise value of p is not known; it is assumed, however, that we do possess an “a priori 
distribution® dG(p) of the quantity p. We agree also to regard dG(p) as the true probability distribution in the ab- 
sence of further information and that we possess a definite procedure for modifying dG(p) on the basis of observations 
made as the process continues, 


To this end the Bayes approximation approach can be used, Namely, if it is found that over the preceding 
m +n observation stages the random variables rp have taken the value one m times and the value zero n times, and 
if the a priori distribution at the beginning of these stages was dG(p), we agree to take the function 


p™ (1 — p)" dG (p) 





dG, (P) = 
m 


p” (1 —p)" dG (p) 


— el) 


as our new distribution function, 


This, of course, is a simple example illustrating a probability adaptive process where the probability is better 
known after the occurrence of tn. The problem is easy because the adaptive algorithm has been given beforehand 
in the form of the Bayes method, 


There is one inherent difficulty in designing an adaptive control system; it is due to the fact that the adaptive 
processes in a living organism are still, with a few exceptions, not understood by engineers or mathematicians, The 
author observes quite rightly that the brain should be studied first and then a computer designed based on the same 
principles, As long as we are unable to reproduce in the laboratory a mode] based on actual physiological processes, 
no real progress will be made in the design of self-adaptive systems. In the USA some interest has been shown in 
models of reflexes, in the working of the nervous system and in the adaptive processes of organisms, The reader will 
probably be disappointed at not finding in the book any elementary examples of self-adaptive systems such as roll- 
ing mills, or of some other familiar machines which have been modernized in accordance with Wiener's cybernetics, 
It seems, however, that the author should not be blamed for this, He only endeavors to foresee forthcoming develop- 
ments in this field and tries to describe them in general terms by using methods previously developed by him; onlythe 
future will tell whether and to what extent his forecast will have proved valuable and useful in practice. 


Chapter XVII deals with communication theory, The following problem is, for instance, considered, Let S 
be the source of the signal, O its observer, let OS represent the communication channel; x is a vector representing 
the pure signal emanating from source S, r is the noise mixed in with x, x" = F(xr) is the input to the communica- 
tion channel, y is the vector signal transmitted to the output observer O. 


We have 
y =T [F (z, r), x, r}. 


The ensuing analytic problem is as follows, Given that y is known from observation, We wish to find out as 
much as possible about x, about the distribution function of r, the form of F(x, r), and the structure of T, The author 
remarks that the problem is given in its most general and realistic form. 


In this chapter also a method of solving the problem is described, based on dynamic programming; the sto- 
chastic process and the process with adaptation are both studied, The latter is treated in precisely the same way 


as in the preceding chapters. 
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The last chapter gives an outline of the method of successive approximations in relation to functional equa- 
tions of dynamic programming, The author has found that the main difficulties when solving functional equations 
may be overcome by the use of numerical methods, and of the latter the method of successive approximation, is 
given preference, A separate section is devoted to advancing the method in which the approximations are in policy 
space, These ideas are then applied in the calculus of variations, to automatic control and to the theory of games, 


We have so far dealt briefly with the contents of the book. I now remains to mention two facts, 


Firstly, the Soviet scientists are very familiar with the work of Richard Bellman, and in particular with his 
book “Dynamic Programming,” translated into Russian, The book under review is written in the same style, giving 
a brief, laconic but clear exposition, The reviewer is of the opinion that the book should be of considerable scien- 
tific interest; the review has as its aim to arouse the interest of the readers of this journal, that is of specialists in 
automation, The reviewer has tried to render the contents of the book as fully, correctly and clearly as possible, 


Secondly, the book is dedicated to A. Lyapunov, H, Poincare, S, Lefschetz and all the other scientists who 
have devoted their lives to the “improvement of human race," The dedication needs no: comment and will be 
appreciated by all those who have striven to accomplish this great task, 


The reviewer is grateful to N, N. Krasovskii for hiscomments and has endeavoured to incorporate them in the 
review, 
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Rozenblat, M, A. Magnetic Amplifiers, Izd, 3, Sovetskoe Radio Moscow, 1960, t. I, 538 pp,, 243 Figs., 239 refs; 
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5. Magnetic Amplifiers-Description of the Commercial Models and Their Application 





a) Description of the Commercial Series 





Bamdas, A, M., Somov, V. A., Kulinich, V. A., Suchkov, V. A., Shapiro, S, V., Shmidt, A, O, and Hu Sh@ng-Ku, 
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Krasovskii, B, S, and Ksandrov, E, V. "A servosystem for controlling motion picture equipment,” Author's certifi- 
cate, Class 21c, 469,, No, 127305, Byull. izobret., 1960, No. 7. 
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1960, No, 1, pp, 41-62, 8 Figs, 10 refs, 
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126, 10 Figs., 5 refs, 


Chicherin, N, L, “Certain practical circuits for ac servosystems which use semiconductor and magnetic amplifiers." 
In the book; collection, Transistor Electronics in Instrument Design. Oborongiz, 1959, pp. 225-237, 


Shapiro, F, S, “An electronic-magnetic control unit.” Author's certificate class 21a”, 1893, No. 129675, Byull. izo- 
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Luk*yanov, N, F, "Magnetic amplifiers with a high-ohm input,” In the book: collections of papers of the Student 
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No, 20, 


Berkman, R, Ya, “Gradientometric magnetic probe with one core,” Avtomatich, kontrol’ i izmerit, tekhnika, 1960, 
V. 4 


Berkman, R, Ya, “Intrinsic noise in ferroprobes and a method for its investigation,” Collection of Scientific-Engineer- 
ing Information on Geophysical Instrumentation, 1960, No, 6. 
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Theory and Methods of Computing Nonlinear Electrical Circuits, Tashkent, 1960, pp, 82-91, 4 Figs., 3 refs, 
7, Magnetic Elements of the Digital Type 


a) Books, Monographs 


Magnetic Elements, Collection of papers on the work performed in the Institute of Precision Mechanics and Com- 
puter Engineering of the Academy of Sciences,USSR during the period 1956-1959, Izd. Inst, tochnoi mek- 
haniki i vychislit, tekhniki, Moscow, 1960, 315 pp.,174 Figs.,26. tables, 52 refs, 
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7 tables, 13 refs, 
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"Magnetic elements of the type *ELN"." Elektropromyshlennost’ i priborostroenie, 1960, No. 24, pp. 63-64, 1 Fig. 1. 
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c) Memory Devices, 
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class 42m, 14, No, 118658, Byull. izobret,, 1959, No. 6, 
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*Sponsoring organization. Translation through 1960 issues is a publication of Pergamon Press. 





SIGNIFICANCE OF ABBREVIATIONS MOST FREQUENTLY 






ENCOUNTERED IN SOVIET TECHNICAL PERIODICALS 


AN SSSR 
FIAN 

GITI 

GITTL 

GOI 

GONTI 
Gosénergoizdat 
Gosfizkhimizdat 
Goskhimizdat 
GOST 
Gostekhizdat 
GTTI 

IAT 

IF KhI 

IFP 

IL 

IPF 

IPM 

IREA 


ISN (Izd. Sov. Nauk) 


[Yap 

Izd 

LETI 
LFTI 

LIM 
LITMiO 
Mashgiz 
MGU 
Metallurgizdat 
MOPI 
NIAFIZ 
NIFI 
NIIMM 
NIKFI 
NKTM 
Obrongiz 
oryYal 
ONTI 
OTI 

OTN 
RIAN 
SPB 
Stroiizdat 
URALFTI 
TsNIITMASh 
VNIIM 


Academy of Sciences, USSR 

Physics Institute, Academy of Sciences USSR 

State Scientific and Technical Press 

State Press for Technical and Theoretical Literature 
State Optical Institute 

State United Scientific and Technical Press 

State Power Press 

State Physical Chemistry Press 

State Chemistry Press 

All-Union State Standard 

State Technical Press 

State Technical and Theoretical Press 

Institute of Automation and Remote Control 

Institute of Physical Chemistry Research 

Institute of Physical Problems 

Foreign Literature Press 

Institute of Applied Physics 

Institute of Applied Mathematics 

Institute of Chemical Reagents 

Soviet Science Press 

Institute of Nuclear Studies 

Press (publishing house) 

Leningrad Electrotechnical Institute 

Leningrad Institute of Physics and Technology 
Leningrad Institute of Metals 

Leningrad Institute of Precision Instruments and Optics 
State Scientific-T echnical Press for Machine Construction Literature 
Moscow State University 

Metallurgy Press 

Moscow Regional Pedagogical Institute 

Scientific Research Association for Physics 

Scientific Research Institute of Physics 

Scientific Research Institute of Mathematics and Mechanics 
Scientific Institute of Motion Picture Photography 
People’s Commissariat of the Heavy Machinery Industry 
State Press of the Defense Industry 

Joint Institute of Nuclear Studies 

United Scientific and Technical Press 

Division of Technical Information 

Division of Technical Science 

Radium Institute, Academy of Sciences of the USSR 
All-Union Special Planning Office 

Construction Press 

Ural Institute of Physics and Technology 

Central Scientific Research Institute of Technology and Machinery 
All-Union Scientific Research Institute of Metrology 


NOTE: Abbreviations not on this list and not explained in the translation have been transliterated, no 
further information about their significance being available to us — Publisher. 


Publication of a “Soviet Instrumentation and Control Translation Series” by the Instru- } 
ment Society of America has been made possible by a grant in aid from the National | 


Science Foundation, with additional assistance from the National Bureau of Standards © 


for the journal Measurement Techniques. 


Subscription rates have been set at modest levels to permit widest possible distribution 
of these translated journals. rag 


The Series now includes four important Soviet instrumentation and control journals. 
The journals included in the Series, and the subscription rates for the translations, are 





as follows: 


MEASUREMENT TECHNIQUES — lzmeritel’naya Tekhnika 


Russian original published by the Committee of 
Standards, Measures, and Measuring Instruments 
of the Council of Ministers, USSR. The articles in 
this journal are of interest to all who are engaged 
in the study and application of fundamental meas- 
urements. Both 1958 (bimonthly) and 1959-1961 
(monthlies) available. 


Per year (12 issues) starting with 1961, No. 1 £ 

General: United States and Ganada . $25.00 
Elsewhere .. eo 0 =» ee 

Libraries of nonprofit academic institutions: ‘ 
United States and Canada . $12.50 


Elsewhere ....... 36 i 


INSTRUMENTS AND EXPERIMENTAL TECHNIQUES 


Pribory i Tekhnika Eksperimenta 


Russian original published by the Academy of 
Sciences, USSR. The articles in this journal relate 
to the function, construction, application, and op- 
eration of instruments in various fields of experi- 
mentation. 1958-1961 issues available. 


Per year (6 issues) starting with 1961, No. 1 4 

General: United States and Canada . $25.00 
Elsewhere .. . hie: oo ee 

Libraries of nonprofit academic institutions: 
United States and Canada. $12.50 
Elsewhere .. . ell 


AUTOMATION AND REMOTE CONTROL — Avtomatika i Telemekhanika 


Russian original published by the Institute of 
Automation and Remote Control of the Academy 
of Sciences, USSR. The articles are concerned 
with analysis of all phases of automatic control 
theory and techniques. 1957-1961 issues available. 


Per year (12 issues) starting with Vol. 22, No.1 9 
General: United States and Canada . 


Libraries of nonprofit academic institutions: 
United States and Canada. . $17.50 
Elsewhere ... . » « ae 


INDUSTRIAL LABORATORY — Zavodskaya Laboratoriya 


Russian original published by the Ministry of 
Light Metals, USSR. The articles in this journal 
relate to instrumentation for analytical chemistry 
and to physical and mechanical methods of mate- 
rials research and testing. 1958-1961 issues 
available. 


Per year (12 issues) starting with Vol. 27, No.1 ~ 
General: United States and Canada . $35.00 — 
Elsewhere .. . . . Seat 
Libraries of nonprofit academic institutions: 
United States and Canada . $17.50 
Elsewhere ..... .. S050@ 


Single issues of all four journals, to everyone,each .. . $6.00 © 
Prices on 1957-1960 issues available upon request 





SPECIAL SUBSCRIPTION OFFER: 


One year’s subscription to all four journals of the 1961 Series, as above listed: 


Subseriptions should be addressed to: 
Instrument Society of America 

530 William Penn Place 

Pittsburgh 19, Penna. 


General: United States and Canada. . $110.00 
Elsewhere 122.00 — 

Libraries of nonprofit academic institutions: 
United States and Canada. . $ 55.00 
Elsewhere .. . oe 6 
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$35.00 | 
Elsewhere .. . . 880em 








